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Involutive automorphisms of the affine Kac-Moody algebras
A® for I > 3 by the matrix method

J F Cornwell

Department of Physics and Astronomy, University of St Andrews, North Haugh, St
Andrews, Fife, KY16 988, Scotland, UK

Abstract. The determination of all the conjugacy classes of involutive automorphisms of

the affine Kac-Moody algebras Afl) for I > 3 is presented using the matrix formulation
of automorphisms of an affine Kac-Moody algebra that was developed in a previous

paper.

1. Introduction

In a previous paper [1] a general matrix formulation of the automorphisms of un-
twisted affine Kac-Moody algebras was developed, and was subsequently applied to
the special cases of A(ll) [2] and Agl) [3]. (These papers will henceforth be referred
to as papers I, I and III respectively.) However, as was noted in papers II and III,
both A{"} and A{') have some special features that are absent in the general case of
AS” with ! > 3, and these special features help to simplify the analysis. The present
paper is devoted to finding the conjugacy classes of the involutive automorphisms of
the more complicated algebras Agl) with { > 3

The notations and conventions that will be employed in the prescnt paper are
those defined in paper I (with the additional convention here that equation labels
such as (6) and (1.6) refer to the sixth numbered equation of the present paper and

of naner 1 rpcnpr‘rmplu\ When the untwisted affine Kac-Mondy alm:-hpl f' 5 A( )

Vi papia a4 iuespaaiedy TV LIWEL LAWY LeRILYY RSLwoAS i LRGLTIVAVAARY Gipel

the corresponding smlple Lie algebra is A,, for which has rank [. Thc generahzed
Cartan matrix of ASI) forl >3 is

2 -1 ¢ 0 0 -1
-1 2 -1 .-~ 0 0 0
6o -1t 2 .- 0 0 0
A=1: S (1)
0 0 o ... 2 -1 0
6o o 0o -~ -1 2 -1
-1 0 0 -~ 0 -1 2
The [+ 1 simple roots of A(l) are o; for j = 0,...,/, and as the highest root ag}

of A; is EJ =1 a , the relation o = § — ay 1mplles that the root § is given by

§=ap+ ) a )

i=1
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and so
c=hs=hy, + ) h,, . 3)
j=t
For these simple roots
{aj,00) = (1/{2(1 + 1)) A4 Q)]

for j,k=0,...,L
Let T be the (! + 1)-dimensional irreducible representation of A; in which

T(hge) = hoo = (1/{2(1+ 1)}) (ej,; ~ €j41 j41) )
for j =1,...,l, and

T(ege) = €go = (1/{2(1+ 1)}) %, , ©)

T(el o) =€l o = —(1/{2(1 4+ 1)})" %, , )

where of = 2 aj (for p < g} and where e; ; is the (I + 1) x ({4 1) matrix for
which (e, ;),, 6,” for j,k,r,s =1,...,L The value of the Dynkin index of
this representatlon i given by v = 1/{2(l + 1)}.

As in the case of A, this representation of A?) for I > 3 is not equivalent to its

contragredient representation. Thus for Agl) with { 2> 3 the set of ype 1b involutive
automorphisms does not coincide with the set of type 1a involutive automorphisms
and the set of type 2b involutive automorphisms does not coincide with the set of
type 2a involutive automorphisms. The type la and type 1b sets both divide into
two disjoint subsets with v = 1 and v = —1, whereas for the determination of the
representatives of the conjugacy classes of the type 2a and the type 2b sets it is
sufficient to let v = 1. Consequently there are six sets of mvolutwe automorphisms
of Al for I > 3 to be considered. These are:

(1) type la involutive automorphisms with u = 1, which will be analysed in
section 2;

(i) type la involutive automorphisms with u = —1, which will be analysed in
section 3;

(iii) type 1b involutive automorphisms with » = 1, which will be analysed in
section 4;

(iv) type 1b involutive automorphisms with u = —1, which will be analysed in
section 5;

(v) type 2a involutive automorphisms (with u = 1), which will be analysed in
section 6;

(vi) 1ype 2b involutive automorphisms (with v = 1), which will be analysed in
section 7,

The conclusions concerning involutive automorphisms of AE” for { > 3 are sum-
marized in section 8, and compared there with previous related work.

As was demonstrated in papers II and III, one can rely completely on the ma-
trix formulation of automorphisms, the only structural ingredient needed being some
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knowledge of the root transformations of the corresponding simple Lie algebra A;.
As mentioned in section 3 of paper I, every conjugacy class of involutive automor-
phisms of £ contains at least one Cartan-preserving involutive automorphism, and
each such Cartan-preserving involutive automorphism is associated with an involutive
root transformation 7° of £.

For { > 2 the important basic root-preserving transformations of AEI) are:

(i) 7° = E (the identity), for which

%(a]) = af (G=1,...,1) @®

ii) 7% = 8%, (the primitive Weyl transformation associated with the simple root
a p 4 p
1
a?), for which

To(ag) = —a?
m%(a3) = al + o ®
TO(CE_?)=O{? (1 =3,...,1)

(iii) 7% = 9, (the primitive Weyl transformation associated with the simple root
I
a?y (with 3 < 7 < 1 - 1), for which

0>al) = al (k=1,...,7—2)

To(a?_l) = a?_l + Ct?

ro(a?) = -—a? (10)
aly,) = af,, +af

°(al) = ol (k=j7+2,...,0.

(iv) % = SY, (the primitive Weyl transformation associated with the simple root
1
o), for which

oy =af,(j=1,...,1-2)
r(al.,) = af_, + of (11)
(af) = ~af
(v) 7 = p® (the Dynkin diagram symmetry operation for A,), for which
TO(O.'?)=OL?+1_J- GG=1,...,D (12)
i) 7° = 78,1, (the Cartan involution for A;), for which
r%a?) = —af (1=1,...,0). (13)

For | > 2 the group of root-preserving transformations of A, is isomorphic to the
direct product of the subgroup of order 2 {E, & ...} with the subgroup of Weyl
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transformations of A,. Consequently the group of root-preserving transformations
of A; has order 2{(l + 1)!} (for [ > 2). Although neither the Cartan involution
T8artan NOT the Dynkin diagram symmetry operation p° can be expressed as a Weyl
transformation, the product 72, .. o p? does coincide with a Weyl transformation.
This implies that for I > 2 p° can always be written in the form p® = So rgman for
some Weyl transformation S.

For | > 2 the Weyl group of A, has [!] conjugacy classes of involutive transfor-
mations, where [a] denotes the largest integer not exceeding a. These consist of
the identity E, together with [1(! 4+ 1)] conjugacy classes of order two Weyl trans-
formations, for which a set of representatives may be taken to be {SU } for A,,
{Sg?, Sg? o Sgg} for A; and A,, {Sa,l,, 522 o Sgg,Sg? o Sgg o Sgs} for A and A,
and so on. (It should be noted the the primitive Weyl reflections in each of these
sets mutually commute.) Consequently the group of root-preserving transformations
of A, for { > 2 has 2[l] conjugacy classes of involutive transformations, for which the
representatives may be taken to be the [!] Weyl group elements just listed, together
with their products with r&,.,. . The last of these conjugacy classes, that is the one
containing Sgi’ o...0 sgg 0 T, ran With k& = 2[2(1 + 1)] — 1, also contains p°, and
it is actually more convenient to take p° as its representative.

2. Study of the involutive automorphisms of A( ) for 1 > 23oftypelawithu=1

21. Relevant conjugacy classes for the involutive automorphisms of A( ) fort 2 3 of
type la with v = |

1t is easily shown that there exists no non-singular ({4 1) x (I 1) matrix U(#) that
satisfies the conditions:

U(H)heU(2)™" = ~h, 14)

for j = 1,...,1. Consequently there are no type la involutive automorphisms of
A(l) for [ » 3 with « = 1 corresponding to the Cartan involution =&, of (13).
Similarly there are no type la involutive automorphisms of Am for! 2 3withu=1
corresponding to the root transformations that are products of Weyl transformations
and 73, SO attention may be concentrated on those associated with the Weyl
transformations alone.

It is convenient to divide the conjugacy classes of Weyl transformations into the
following three sets:

(A) the conjugacy class consisting of E alone;

(B) the conjugacy classes with representatives: Sgg, Sg? o Sgg e, 5%, 085% 0

..0 Sgg with
(-2 if {is odd

k= (15)
il—l if ! is even /

(C) if 1 is odd, the conjugacy class with representative SU., o 5‘00 0...0 S°

The type 1a involutive automorphisms with u = 1 oonespondmg to thesc sets
will now be considered in turn.
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2.2, Involutive automorphisms of A( ) for 1l = 3 of ppe la with u = 1 corresponding
to set (A)

The most general ({4 1) x {{ + 1) matrix U(t) that satisfies
U(t)h,U(t)~! = hl, (16}

for j=1,...,0 with both U(¢) and U(¢)~! having entries that are Laurent polyno-
mials in ¢ i8 given by

Mtk 0 0 ... 0

0 gyttt 0 ... 0

Uty=1| O 0 gths ... 0
0 0 0 N n§+ltk:+l

where, for 3 = 1,...,1 + 1, ﬂ} are arbitrary non-zero complex numbers and k;-

are arbitrary integers. However, (I.111) shows that (ni)"lt"‘;U(t) and U(t) both
give the same automorphism so on putting n;, = (n})/(n}) and k, = k, — &{ for
In — 9 [ | fallanae that tha mAct ansiaen 1 autnmnarnhicm AF fonn 1o with

A — Lycvaydl T 1L, lL IVIIUYYY LAl lll.lv LWL ECIICIGI ahLUlllUlPulBlll oL Lyl)C 14 Wiiln

u = 1 associated with the identity root transformation corresponds to

1 0 0 e 0
0 9t 0 ... 0
U =0 0 mstt -0 a7
6 0 0 - oy tRe
where, for j = 2,...,1+ 1, n; are arbitrary non-zero complex numbers and k; are

arbitrary integers. The involutive condition (L.136) now reduces to-U(t)? = nt*1,
where 7 is an arbitrary non-zero complex number and k is an arbitrary integer, which
implies that k; =0 and n; = +1 for j =2,...,l+ 1. Thatis

1 0 0 - 0O
0 5, 0 0

uH=19 0 mn - 0 (18)
\e 0 0 - 7o,/

where u; = £l for j = 2,...,i+ 1. The conditions (I.158), (1.160), (I.162) and
(1.164) for the conjugacy of two type 1a involutive automorphisms corresponding to
two matrices U,(¢) and U,(t) of the form (18) (and to u = 1) all reduce to

7V, (1) = SU,(1)S™! (19)

where § is clearly independent of ¢ and n is an arbitrary non-zero complex number.
A necessary condition for (19) to be satisfied is that

{rU, (0} + /{det U, (1)} = {trl,(6)} ! /{det Uy(2)). (20)
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Suppose that the set {n,,73,...,7,,} contains n, entries with value +1 and the
remaining [ — n entries have value —1. The case n = ! corresponds to U,(¢) =1
and hence to the identity automorphism, which, as always, is in a class of its own,
and which can be disregarded in the analysis that follows. Of the rest, there are
only [1(1+ 1)} distinct values of {trU(#)}!*!/{det U(¢)}, which may be taken to
correspond to

ny = [, +1,...,01-1, @1

(Here again [a] denotes the largest integer not exceeding a). It is then clear that
(19) is also a sufficient condition for conjugacy. For each value of n  satisfying (21)

the {75,735, ..., M4} may be chosen so that
nlznzz,.,znn+=1
Mngt1) = Mnytz) = - =M =1 (22)
n(l+1) =1,

By (1.67), (1.71), (1.73)) and (1.138) this corresponds to the involutive automorphism
Y(hy,) = hy, (j=0,....,0)

v(e)=rc

¥(d)=4d (23)
Y(eta,) = —€pa; (j=n,orl)

Y(erq,) = €1q4 (for all othery).

2.3. Involutive automorphisms of Agl) for 1 = 3 of ype la with u = 1 corresponding
to set (B)

It will now be shown that all the involutive automorphisms of A% for > 3 of type
la with » = 1 corresponding to set (B) are actually conjugate to those corresponding
to the set (A). To see this it will be sufficient to study an example that incorporates
all the general features. Consider therefore the case ! = 4 with conjugacy class
representative Sgg. The most general 5 x 5 matrix U(¢) that satisfies

U(t)h‘;?U(t)" = —hg?
U(t)hgguu)-* = hE,g + hgg
U(t)h‘;gU(t)-‘* = hgg
U(t)hggU(t)‘l = hgg

(29

with both U(t) and U(¢)~! having entries that are Laurent polynomials in ¢ is given
by

0 itk 0 0 0
A LES | 0 0 0
U= o 0 7t 0 0 (25)
0 0 0 mithh 0
0 0 0 0 nitks
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where, for j = 1,...,5, 7?} are arbitrary non-zero complex numbers and k; are
arbitrary integers. However, (I.111) shows that (n.)~t=*sU(¢) and U(#) both give
the same automorphism, so on putting n, = (7;)/(ni) and k, = k{ — ki for
k=2,...,5, it follows that the most general automorphism of type la with u = 1
associated with this root transformation corresponds to

0 gt 0 0 0
nptF2 0 0 0 o
u(t) = 0 0 om0 0 (26)
0 0 0 gtk 0
0 0 0 0 1

where, for 7 = 1,....,4, n; are arbitrary non-zero complex numbers and kj are
arbitrary integers. The involutive condition (I.136) again reduces to U(t)? = nt*l,
where 7 is an arbitrary non-zero complex number and k is an arbitrary integer, which
implies

ky = =k, ky =0 ky=0 Ny = (m)7! 3 = 1 Ny = *1.
27)

As U(t) is therefore diagonalizable with eigenvalues +1, so that the diagonalized
form is the same as that of (18), and as the matrix S(¢) of the associated similarity
transformation and its inverse both have entries that are all Laurent polynomials in
t, it follows that every type 1a involutive automorphism (with « = 1) associated with
such a U(¢} is conjugate to one of the type la involutive automorphisms (with » = 1)
of the previous subsection.

On repeating this analysis for any conjugacy class representative of the set (B),
one finds that each factor S” that appears is associated with a 2 x 2 submatrix of

U(¢) of the form

0 njtk!'
("Pj)_l't_kj 0

which appears in the (7,7}, (7,7 +1), (j+1,7) and (j+ 1,7+ 1) positions of U(t)
(as in (26)). Similarly, each factor SOD that is missing from the product S°uoS°.,o

is associated with a 2x 2 diagonal submatrix of U(¢#) (in the (5,7), (J,J-l-]) (3+1,_7)
and (j+1,7+1) positions) with diagonal entries +1. Moreover, with the assumptions
made about the set (B), the ({ + 1,1 + 1) clement of U(t) always has the value 1.
Then U(t) is always diagonalizable with eigenvalues +1, so that the diagonalized
form is the same as that of (18), and that the matrix §(¢) of the associated similarity
transformation and its inverse both have entries that are all Laurent polynomials in
t. Consequently every type la involutive automorphisms (with « = 1) associated with
a root transformation of the set (B) is conjugate to one of the type la involutive
automorphisms (with v = 1} of the set (A).

2.4. Involutive automorphisms of ASI) for 1 > 3 of ype la with uw = 1 corresponding
o set (C)

With the assumption that ! is odd, the most general (I + 1) x (I + 1) matrix U(t)
that corresponds to S%, o Sgg 0...0 sg? with both U(t) and U{¢)~! having entries
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that are Laurent polynomials in ¢ is given by

0 itk 0 0 0 0\
itk 0 0 0 0 0
0 0 0 nhtka 0 0
U =| © 0 ptke 0 0 0 (28)
0 0 0 0 ... 0 nytki
\ o 0 0 0 ... pigthm 0
It is convenient to re-order the rows and columns of U(2) to give
0 .
0 0 ... mtke 0
u(t) = : E E : (29)
0 mtk ... 0 0
Mgt 0 L0 0

which actually corresponds to the root transformation p% o 72, . As (1.111) shows
that (n})~1t~*1U(1) and U(t) both give the same automorphism, so on putting
me = (n)/(ny) and ky, = &k} — k for k = 2,...,{+ 1, it follows that the most
general automorphism of type 1a with « = 1 associated with this root transformation
corresponds to

0 0 0 1
0 0 ... mpt* 0
U(t) = : : : : 30
0 ... 0 0
MetE+ 0 ... 0 0
where, for j =2,...,0+ 1, n; are arbitrary non-zero complex numbers and k; are

arbitrary integers. The involutive condition (I.136) again reduces to U(2)? = nt*1,
where 7 is an arbitrary non-zero complex number and k is an arbitrary integer, which
implies that

Mt = M = Tl3T—1 = -+ - = Naag1)2M(143) 2 (31)

and

kipy = kot ky = kg + ki = o= kggaye + Ry (32)

Then T2y Nas -« s Tl143)/2 CAN be taken to be arbitrary non-zero complex numbers
and ky, k3, ..., k(43,2 can be taken to be arbitrary integers. Suppose that the type
la involutive automorphism corresponding to this (and to u = 1) is conjugate to
that corresponding to u = 1 and a U(t) matrix of the form (18). Invoking (1.158),
taking the determinants of both sides, and using (32) gives as a necessary condition for
conjugacy that k¢ 1y/, + k(i43)/, must be even. (The same conclusion also follows
from using (I.160), (1.162) and (1.164) in place of (1.158), as the U(¢) matrix of (18)
is actually independent of ¢.) The two sub-cases will now be considered separately.
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24.1. kgygyy2+ k(14.9)2 assumed even. It will now be shown that in this case a/l the
type 1a involutive automorphisms associated with these U(?) matrices (and u = 1)
are conjugate to that associated with « = 1 and

1 0
U(t) = ( D72 ) 33
=" 0 3

which is a special case of (18). The first step in this demonstration is to define $(t)
to be the ({ + 1) x (! + 1) diagonal matrix whose diagonal entries are given by

S(1),; = {E b x forj:i(l+3)/2,...,£+1 4
Mpg; 1) Ptlkrea-i—ks for j =1,...,(1+1)/2.
Then, with U(¢) as defined in (30),

S(HUS(1) ™ = ntF K,

for some non-zero complex number 7 and some integer k, where K, is the m x m
skew-diagonal matrix

00 01
00 ... 10
Km=1"% 1 A (35)
01 ... 00
10 ...00

The second step is to note that with §(t) defined by
Kasyz  lasnyz
S(1) = (1/v2){ [ U+1/ (I1+1)/ (36)
Lotz —Kasnye
then
1 0
S(HK St—lz((ul)/z )
( ) I+1 ( ) 0 _1(f+1)/2
whose right-hand side is the U(t¢) matrix of (33), which is of the form (18).
\\
242 % +k d odd. Define S be the (L + 1) x (!
- e (l-}-l)/? (£+3)/2 as.ﬂ{me . chne (t) t0 be the ( + ) x ( + 1)

diagonal matrix whose diagonal entries are given by
N

N

"1 for j=({+3)/2,---,1+1
S5(1),. =
W {(nw/nj)”zt(*m—rk:-w forj=1,-,(1+1)/2 O
Then, with U(?) as d{ﬁnecl in (30),
S(HU(1)S(1)~! = ptrU'(e)
where N
0 K
U(t) = ( (1+1)/2)
t Koy O ©8)
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and where » is some non-zero complex number and k is some integer. Thus every
type la involutive automorphism associated with the matrix U(t) of (30) and u = 1
with k172 + k(143y72 assumed odd is conjugate to that associated with the matrix
U’(¢) of (38) and u = 1, which, by (1.67), (1.71), (1.73)) and (1.138), is

1xb(h )= hou+ho¢g+"'+h’

W(hayyuy) = Py + By + o0 R

X-1)/3
+ ha(,,,_,),, +--+ Ry,
(haJ) a,+1_,: (-7#0?(!'4-1)/2)
Ylc)=c
(1-1)/2 , 39)
P(dy=(14+1) Y (ke + oy, ;) +{(1+1)*/2 0y .
i=1

—{(1+1)*/4}c+ d
1)((—3. \‘:—B.r- Lo 1
Y tag /s T{artaz++ar;}
w(ed:c‘(iﬁ)/?) = -—ei{au‘f"‘1+“'+ﬂ‘(1-1)12+0f(l+3),o'2+“'+01}

w(eiaj) it _e:r.cxH.l_J‘ (J % Os(l + 1)/2)'

2.5. Summary of the involutive automorphisms of A(,” for 123 of ype la with uw = 1

The above considerations show that the number of conjugacy classes of involutive
automorphlsms of A(I) for 1 > 3 of type 1a with w = 1is 3(I 4+ 2) if L is even and

Li+5)iflis odd Their representatwes may be taken to be

(1) the identity automorphism;

(i) the [%(l + 1)} automorphisms (23), which correspond to the matrices U(¢) of
(18), where the {n,, n3,...,m,} satisfy (22);

(iii) for [ odd, the involutive automorphism (39), which corresponds to the matrix
of (38).

3. Study of the involutive automorphisms of AEU for 1 2 3 of type 1la with 4 = —1

3.1, Relevant conjugacy classes for the mvoluuve automorphisms of A( ) fort 2 3 of
bpe la with u = -1

The relevant conjugacy classes for the involutive automorphisms of type la with
u = ~1 are exactly the same as those for the involutive automorphisms of type
la with u = 1 that were described in section 2.1, Consequently attention may
again be concentrated on the involutive automorphisms associated with the Weyl
transformations alone, and it is again convenient to divide the conjugacy classes of
Weyl transformations into the thre¢ sets {A), (B) and (C) defined in section 2.1.

The type 1a involutive automorphisms with u = —1 corresponding to these sets
will now be considered in turn.
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3.2, Involutive automorphisms of A%” Jor t = 3 of ype la with v = —1 corresponding
to set (A)

The analysis for the ¥ = 1 case may be repeated to show that the most general
(14 1) x (I + 1) matrix U(¢) that satisfies (16) with both U(¢) and U(z)~! having
entrics that are Laurent polynomials in ¢ may be taken to be given by (17), where,
for j = 2,...,1+1, n, are arbitrary non-zero complex numbers and k; are arbitrary
integers. The invalutive condition (1.136) for u = —1 reduces 10 U(1)U({—1) = nt*1,
where # i$ an arbitrary non-zero complex number and & is an arbitrary integer, which
again implies that k; = 0 and n; = *1 for j = 2,...,01 + 1. That is, U(?) is again
given by (18), where ny==lforj=2,....,0+1

However, in contrast to the v = 1 case, when u = —1 all of the type 1a involutive
automorphisms corresponding to these matrices of (18) are mutually conjugate. That
is, there is only one conjugacy class of type 1a involutive automorphisms with v = —1
corresponding to the root transformation set (A).

The first stage in the proof of this assertion is to merely repeat the line of
argument given in section 2.2 to show that all type 1a involutive automorphisms
with » = —1 with the same value of {trU(¢)}'+!/{det U(2)} are conjugate. (This
time there are {1(!+ 3)] distinct values of {trU(¢)}'*!/{det U(¢)} to be considered.
These may be taken to correspond to

n, =[], [ +1,...,1 (40)

as for v = —1 the choice U(t) = 1 does not correspond to the identity automorphism,
but corresponds to an automorphism of order two.} The remaining step is to note
that with §(t) defined by

0 1
S(t) = (ﬂ:—m, "6"'1) (41}
then

S(t)lH,lS(—t)‘l:(l"ﬁ“ 0 ) 42)

_ll‘—Tl.'.

The conjugacy condition (1.158) then implies that type la involutive automorphisms
with u = —1 corresponding to the matrix on the right-hand side of (42) is conjugate

to the type la involutive automorphism with v = —1 corresponding t0 1, for every
value of n, given in (40).
A convenient choice for the set {n,,n,,...,m 1} 8
1 forgj=1,...,1
.= 43
" {-1 for j = {+ 1. “3)

By (1.67), (1.71), (1.73)) and (1.138) this corresponds to the involutive automorphism
Ylhg,) = hy, (7=0,....0
w(e)=c
P(d)=d (44)
V(€ta,) = €1q, (73=0,1,....,1-1)

d)(eia{) = —€iaq,-
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3.3. Involutive automorphisms of Asl) for 1 = 3 of type la with u = -1 corresponding
fo set (B)

It will now be shown that all the involutive automorphisms of AEI) for ! > 3 of
type la with « = --1 corresponding to set (B) are actually conjugate to (44). To
see this it will be sufficient to study an example that incorporates ali the general
features. Consider therefore the case [ = 4 with conjugacy class representative §%,.

The most general 5 x 5 matrix U(t) that satisfies (24) with both U(¢) and U(t)"11
having entries that are Laurent polynomials in ¢ may be taken to be given by (26),
where, for j = 1,...,4, n; are arbitrary non-zero complex numbers and kj are
arbitrary integers. The involutive condition (I.136) for v = —1 again reduces to
U(t)U{—1) = nt*1, where 7 is an arbitrary non-zero complex number and k is an
arbitrary integer, which implies

k, = -k, kg=10 ky,=10 My = (—1)k‘(ﬂ1)_1
Ty = 41 Ny = +1. (45)

Let S(t) to be the 5 x 5 diagonal matrix whose diagonal entries are given by

S(t);; = {(";‘)"”"k" for j =1
AN for j = 2-5.

Then, for the matrix U(t) of (26) with parameters specified by (45),

01 0 0 0
10 0 0 0
S(HU(HS(-)!=|0 0 X1 0 0© (46)
00 0 %1 0
00 0 o0 1

This is diagonalizable with eigenvalues +1, so that the diagonalized form is the same
as that of (18), and as the matrix S(¢) of the associated similarity transformation
and its inverse both have entries that are all Laurent polynomials in ¢, it follows that
every type la involutive automorphism (with u = —1) associated with the matrix
U(t) of (26) with parameters specified by (45) is conjugate to the type 1a involutive
automorphism (with u = —1) of (44) of the previous subsection.

On repeating this analysis for any conjugacy class representative of the set (B),
one finds that each factor S°, that appears is associated with a 2 x 2 submatrix of

U(t) of the form ’

(prit-oms ")

which appears in the (4, 3), (7,74 1), (7 +1,7) and (j +1,j+ 1) positions of U(2)
(as in (26)). Similarly, each factor S?, that is missing from the product Sg?osggo. ..
is associated with a 2 x 2 diagonal sub;natrix of U(%) (inthe (j,7), (7,5+1), (j+1.’j)
and (j+1,j+1) positions) with diagonal entries +1. Moreover, with the assumptions
made about the set (B), the (I + 1,1+ 1) element of U(¢) always has the value I
Consequently the matrix obtained from a transformation similar to that of (46) is
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diagonalizable with eigenvalues +1, so that the diagonalized form is the same as that
of (18), and that the matrix S{¢) of the associated similarity transformation and its
inverse both have entries that are all Laurent polynomials in ¢. Consequently every
type la involative automorphisms (with « = 1) associated with a root transformation
of the set (B) is conjugate to the type 1a involutive automorphism (with u = —1) of
(44) of the previous subsection.

3.4. Involutive automorphisms of A(” for 1 > 3 of type la with uw = —1 corresponding
{o set (C)

With the assumption that [ is odd, the most general (14 1) x ({4 1) matrix U(Z) that
corresponds to S“n o S°D 0...0 S"n with both U(¢) and U(#)~? having entries that

are Laurent polynorruals in i is glven by (28). It is again convenient to re-order the
rows and columns of U(t) so that U(t) is given by (29), which actually corresponds to
the root transformation p°o 7,,.... It follows that the most general automorphism
of type la with u = —1 associated with this root transformation may be taken to
correspond to (30), where, for j = 2,...,1 4 1, n; are arbitrary non-zero complex
numbers and k; are arbitrary integers. The involutive condition (1.136) for u = -1
again reduces to U(t)U(—1t) = »tFl, where n is an arbitrary non-zero complex
number and k is an arbitrary integer, which implies that

My = mem(=1)F =myn_ (-1 = ... = ??(14.1)/277(1+3)/2('1)k“'“’"2 (47}

and
b=kt k=ky+ ko= ... = ki + kataye (48)

with k;,, being required 10 be even. Them 7,,7;,....743)/2 Can be taken 10
be arbitrary non-zero complex numbers and k,, k5, ... ’k(f+1)/2 can be taken to be
arbitrary integers, but k. 4),, must be such that k (+1ys2 + k(143y/2 IS even.

It will now be shown that all the type la involutive automorphisms associated
with these U(t) matrices (and v = —1) are conjugate to that associated with u = —1
and a U(t) that is a special case of (18). To demonstrate this it will be sufficient to
apply the conjugacy condition (1.158) to the simplest case where { = 3. The first step
is to take S$(¢) to be the 4 x 4 diagonal matrix of (34). Then

S(U()S(—1)7" = nt* ((_1)(:“(-)“}/2}(2 ‘:12) (49)

for some non-zero complex number » and some integer k. As the involutive condition
implies that k., 4+ k4 is even then k, — &k, must also be even. If (k, — k;)/2 is even
the matrix on the right-hand side of (49} reduces to K,, and with S(¢) defined by
(36)

S()K,S(—t)"' = (102 _'iz)

whose right-hand side is of the form (18). If (k, — k3)/2 is odd, with S(¢) defined
by

S(t) = (1/\/5) (tK(H-l)/Z 1 1+1)/2 ) (50)

Loz — gy
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then

s(t)KJ-HS(—t)‘l=(t+t‘1)(1(Hbl)/2 o )
THI+1) /2

where the matrix on the right-hand side is again of the form (18).

3.5. Summary of the involutive automorphisms of AEI ) for U > 3 of type 1a with u = —1

The above considerations show there is only one conjugacy class of involutive auto-
morphisms of Agl) for { > 3 of type 1a with u = —1. Its representative may be
the automorphism (44), which corresponds to the matrix U(¢) of (18), where the
{N9: M35+« 771+1} satisfy (43).

4. Study of the involutive automorphisms of AEI) for 1 2 3 of type 1b with u =1

4.1. Relevant conjugacy classes for the involutive automorphisms of Ag") for 12 3 of
type 1b with v = 1

It is easily shown that there exists no non-singular (1 + 1) x (I + 1) matrix U(2) that
satisfies the conditions

U {-hs}U(D) ™" = bl (51)

2

for j = 1,...,1. Consequently there are no type 1b involutive automorphisms of
Agl) for I > 3 with « = 1 corresponding to the identity root transformation of (8).

Similarly there are no type 1b involutive automorphisms of AEI) for I > 3withu=1
corresponding any root transformations that are members of Weyl group, so attention
may be concentrated on those associated with products of the Weyl transformations
and the Cartan involution 78,

It is convenient to divide the conjugacy classes of root transformations into the
following three sets:

(D) the conjugacy class consisting of =&, alone;

(E) the conjugacy classes with representatives

0
S?x? o Tgartan’ Sgr? °© Sgg o Tgartan’ e Sg? o Sgg 9...0 Sgg © TCartan
with
k={l—2 %fi?sodd 52)
-1 if / is even

(F) if | is odd, the conjugacy class with representative
0 0 0 0
Sa? °© Sag 0.,..0 Sa? © TGartan®

The type 1b involutive automorphisms with » = 1 corresponding to these sets
will now be considered in turn.
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4.2, Involutive automorphisms of AS” for L 2 3 of ype Ib with v = 1 corresponding
to set (D)

Because the matrices h?, are diagonal (cf (5)), the set of conditions
U(D{-hgeJU(1) ™" = b, (53)
J ¥

for j = 1,...,!, immediately reduces to the set (16). Consequently the analysis given
in the first part of section 2.2 again applies, so the most general ({ + 1) x (I + 1)
matrix U(?)} with both U(¢) and U(¢)~! having entries that are Laurent polynomials
in ¢ may be taken to be given by (17), where, for j = 2,...,1+ 1, 5, are arbitrary
non-zero complex numbers and k; are arbitrary integers. The involutive condition

(1.139) for v = 1 reduces to U(2)U(¢)~! = nt*1, where 7 is an arbitrary non-zero
complex number and k is an arbitrary integer, which imposes no further constraints
on the »; and kj (ffor j=2,...,141).

It will now be shown that

(i) if { is even then every involutive automorphism of type 1b with v = 1
corresponding to the root transformation (D) is conjugate to that generated by
U(t) = 1;,,; and

(ii) if I 8 odd then every involutive automorphism of type 1b with » = 1 cor-
responding to the root transformation (D) is conjugate either to that generated by
U(t) = 1;,, or to that generated by

u(t) = (h‘ t'l’l). 54)

The proof of these results deals exclusively with matrices U(?) that are diago-
nal. Two sets of diagonal elements will be said to be equivalent if and only if the
corresponding involutive automorphisms are conjugate. Clearly two sets of diagonai
elements that merely differ in their ordering of elements are equivalent.

The first stage in the argument is to show that the set of diagonal elements of the
diagonal matrix U(t) of (17) is equivalent to that with U(2);, = 1 and U(#);; = 1
or { foreach j = 2,...,! 4+ 1. The second stage is to demonstrate that the sets
{...,1,1,¢,. ..} and {...,t,1,¢,...} are equivalent. (Both of these resulis follow
by an immediate generalization of arguments given for the [ = 2 case in section 4.2
of paper III). The following two conclusions then follow by repeated application of
these results:

(i) If the set of diagonal elements contains an even number entries 1 (with the
other entries being t), then this set is equivalent to the set {t,f,..., 1}, which, by
(1.166), is equivalent to the set {1,1,...,1}.

(ii) If the set of diagonal elements contains an odd number entries 1 (with the
other entries again being assumed to be ¢), then this set is equivalent to the set
{1,¢,¢,...,t}, which is equivalent to the set {¢%,¢,¢,...,1} (by a further application
of the generalization of the argument given in section 4.2 of Paper IIL.) By (1.166) this
is equivalent to the set {¢,1,1,...,1}, which is equivalent to the set {1,1,...,1,¢}.

If [ is even then the set of [ + 1 diagonal elements contains an odd number of
members. If an even number of these have value 1 (with the other entries being ¢),
then the previous conclusion (i) implies that the set is equivalent to {1,1,...,1}.
However if an odd number of these I + 1 entries have value 1 (with the other entrigs
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being t), then there are an even number of ¢ entries, which can be converted to an
even number of 1 entries, so again conclusion (i) implies that the set is equivalent to
{1,1,...,1}.

If { is odd then the set of ! 4- 1 diagonal elements contains an even number of
members. If an even number of these have value 1 (with the other entries being
t), then (i) implies that the set is equivalent to {1,1,...,1}. If an odd number of
these [ + 1 entries have value 1 (with the other entries being t), then there are an
odd number of ¢ entries, which cannot converted by the above arguments to an even
number of 1 entries, and then conclusion (ii) implies that the set is equivalent to
{1,1,...,1,}.

These arguments imply immediately that the sets {1,1,...,1} and {1,1,...,1,t}
are cquivalent if [ is even. However, if | is odd the sets {1,1,...,1} and
{1,1,...,1,t} are not equivalent, for if they were equivalent, and U’'(¢) is the
diagonal matrix with diagonal elements {1,1,...,1,t}, then (1.166), (1.168), (1.170)
and (1.172) would imply that there must eXISt a ({+ 1) x({+ 1) matrix S(1)
with entries that are Laurent polynomials in ¢ such that 5(t)1,+,5(t) = nt*U'(1)
for some non-zero complex number n and some integer k. This requnres that
{det S()}? = (nt*)+1¢, and as det S(¢) must be a Laurent polynomial in ¢, this is
only possible if {det ${t)}? =7 ‘t*' for some non-zero complex number n’ and some
integer k', Then k(! + 1) + 1 = 2k’, so k¥’ cannot be an integer if { is odd.

With U(£) = 1;,, and u = 1 (1.68), (1.71) and (1.73) imply that the corresponding
type 1b involutive automorphism is

i
P(hoo) = ho, +2D by,

i=1

Y(hy,) = —h,, (41=1,...,0

Ple)=c P(d)=d (55)
Y(€iay) = €t{aotrai+2ast..t2ar}

Wlesa,) = ea,  (G=1,o.00D).

Similarly, with U(t) given by (54) and » = 1 (1.68), (1.71) and (L.73) imply that
the corresponding type 1b involutive automorphism is

i
W(h,) = h,,

J=1
ip(haj):—haj (j:]_,___,[_l)

-1

W(hg,) = ) b,

i=0

!
Y(e)=c w(d) =2)  jh, —letd (56)
i=1
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1'l:’(e:kcmu) = eﬂ:{a,+ug+...+aq}
d’,(e:taj)=eq:a,- (jzl,...,[--].)

w(f_z:i:a:) = €i{aogtart-tary}”

4.3. Involutive automorphisms of AS” for 1 = 3 of type 1b with u = 1 corresponding
to set (E)

It will now be shown that all the involutive automorphisms of AE” for I = 3 of type
1b with v = 1 corresponding to set (E) are actually conjugate to one of the set (D).
To see this it will be suflicient to study an example that incorporates all the general
features. Consider therefore the case [ = 4 with conjugacy class representative Sg?.

Because the matrices h?, are diagonal (cf (5)), the set of conditions
J

U(){—hQe}U()™" = bl
U(6){~h2}U(1)"" = b, ~ b2,

u(e){-h’ Ut
U(t){-hQe)U(t) ! = —h),

(57)
-—hg o
3

immediately reduces to the set (24). Consequently the analysis given in the first part
of section 2.3 again applies, so the most general 5 x 5 matrix U(t) with both U(t)
and U(¢)~! having entries that are Laurent polynomials in ¢ may be taken to be

given by (26), where, for j = 1,...,4, n; are arbitrary non-zero complex numbers
and k; are arbitrary integers. The invo]ut'we condition {1.13%) for u = 1 reduces to

U()U(t)~! = nt*1, where # is an arbitrary non-zero complex number and k is an
arbitrary integer, which implies

Th =1 ky = ky. (58)

but, for j = 2,3,4, n; and k; do not have to satisfy any further constraints for. With
S(t) defined by

1 1 0 0 0
(1 -1 0 0 0
S(1) = lo 0 1 0 o) 59
0o 0 ¢ 1 ¢
0 0 0 01

it follows that with U(¢) given by (26) (and subject to the constraints (58))

77, tF1 0 0 0 0

) 0 —-mtt 0 0 O
S(HU(S(t) = 0 0 Mtk 0 0 (60)

0 0 0ttt 0

0 0 0 o 1
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Thus, by (1.166), the type 1b involutive automorphism with u = 1 and with U(t)
given by (26) (and subject to the constraints (58)) is conjugate to that corresponding
to the matrix on the right-hand side of (60), which is merely a rearrangement of a
special case of (17).

On repeating this analysis for any conjugacy class representative of the set (E), one
finds that after imposing the involutive condition that each factor 5%, that appears

is associated with a 2 x 2 submatrix of U(¢) of the form

0tk
n;tki 0

which appears in the (7,5}, (j,7+ 1), (7 +1,7) and (5 + 1,7 + 1) positions of
U(t). Similarly, each factor S° that is missing from the product SU,, ) Sou o...is
associated with a 2 x 2 diagonal submatnx of U(t) (in the (7,7}, (J.7 +1) (J+1,J)
and (j + 1,7 + 1) positions) with diagonal entries 7, .t%i and it t"1+1 Moreover,
with the assumptions made about the set (B), the (l +1,1+ 1) element of U(t)
always has the value 1. Then there always exists a matrix $(¢) (with entries %1} such
that S{t)U(£)S(t) is merely a rearrangement of a special case of (17), s0 no new
classes of involutive automorphisms can appear.

4.4. Involutive automorphisms of A( ) for I 2 3 of type 1b with u = 1 corresponding
to set (F)

The assumpuon will be made in this subsection that [ is odd, and it will be convenient
to take p° as the class representative (in place of Spe 0 Sge0...050 0 78,

Because the matrices h?, are diagonal (cf (5)), the set of COIldlthI'lS
?

UCE{~h%)U(H) ™ = K,

Al
for j = 1,...,!, inmediately reduces to the set
0 -1 _ _po
U(t)ha?U(t) htm, .
for j = 1,...,L Consequently the analysis given in the first part of section 2.4

again applies, so the most general ([ 4 1) x (1 + 1) matrix U(t) with both U(#) and
U(t)~! having entries that are Laurent polynomials in ¢ may be taken to be given

by (30), where, for j = 2,...,1 4+ 1, n; are arbitrary non-zero complex numbers
and k; are arbitrary mtegers The involutive condition (1.139) for u = 1 reduces to
(t)U(t)'" = nt*1, where % is an arbitrary non-zero complex number and k is an

arbitrary integer, which implies that

M=%l k=0 (61)
and

Mi-i = Miy2h4 ki'-j = kj.{..z (62)

for j =0,1,...,31-3).
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Define S(t) to be the (! + 1) x (I + 1) diagonal matrix whose diagonal entries
are given by
1 for j=1,i141
S(ty;; = (nt*3)=1/? for j=2,....(1+1)/2.
(M 4o ytFira-i)=t/?2 for j=(1+3)/2,...,L

Then

. 0 Ky,
S(t)U(t)S(t)._(mHK(Hl)/z (B””) 63)

where K1y, is defined in (35). There are two cases to be considered.

44.1. n,, = 1. In this case the matrix on the right-hand side of (63) reduces to the
symmetric matrix K, ;. With §(2) is defined by

S(t) = (1(z+1}/2 Kirsn)/2 ) (64)
a+13/2 ~lagnysa

then

= 1 0
S(1)K,p, 8(1) = 2  Ynr2 )
(ks =2(togre 0
As the matrix on the right-hand side here is merely a rearrangement of a special case
of (17), no new classes of involutive automorphisms can appear in this case.

44.2. ny, = —1 In this case the matrix on the right-hand side of (63) is
antisymmetric. Because of the symmetry and antisymmetry properties of the matri-
ces involved, the conjugacy conditions (1.166), (1.168), (1.182) and (1.184) imply that
the typelb involutive automorphism with « = 1 corresponding to this is not conjugate
to that any of those of the set (D). With

0 K
Uit) = (H’l)/?) 65
() (_K(H—Uﬂc‘ 0 ©3)

and u = 1 (1.68), (I.71) and (1.73} imply that the corresponding type 1b involutive
automorphism is

Blhe,) = hy,
Wlho) = oy,  (G=1,....0
be)=c  W(d)=d (66)

Lb(eﬂ:ao) = _.e:hﬂfg
Ylesa,) = €xapy,_; (G=1,..., 31 -1),3(+3),...,D)

w(et":) = ey (4= %(£+ 1)).
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4.5. Summary of the involutive automorphisms of AEI) for 1 > 3 of ype 1b with w = |

The above considerations show that the number of conjugacy classes of involutive
automorphisms of A( ) for [>23oftype lbwith u=1is 1if!is even and is 3 if {
is odd. Their representatwes may be taken to be

(i) for { even or odd, the involutive automorphism (35), which corresponds to the
matrix U(t) = 1,,;

(ii) for ! odd, the involutive automorphism (56), which corresponds to the matrix
U(t) of (54);

(iii} for I odd, the involutive automorphism (66), which corresponds to the matnx
U(2) of (65).

5. Study of the involutive automorphisms of Afl) for I > 3 of type b with u = —1

5.1. Relevant conjugacy classes for the mvoluuve automorphisms of A( ) for 1= 3 of
type 1b with u = —1

The relevant conjugacy classes for the involutive automorphisms of type 1b with
u = —1 are exactly the same as those for the involutive automorphisms of type 1b
with u = 1 that were described in section 4.1. Consequently attention may again
be concentrated on the involutive automorphisms associated with products of the
Wey! transformations and the Cartan involution 2., and it is again convenient to
divide the conjugacy classes of root transformations into the three sets (D), (E) and
(F) defined in section 4.1.

The type 1b involutive automorphisms wnh u = —] corresponding to these sets
wﬂl now be considered in turn.

5.2. Involutzve automorphisms of AEI ) for 1 =2 3 of ype 1b with u = —1 corresponding
to set (D)

The set of conditions on the matrix is U(¢) is again (53), which again immediately
reduces to the set (16). Consequently the analysis given in the first part of section
2.2 applies yet again, so the most general (I 4+ 1) x ({ 4+ 1) matrix U{¢} with both
U(t) and U(2)~! having entries that are Laurent polynomials in ¢t may be taken to
be given by (17), where, for j = 2,...,{+ 1, n; are arbitrary non-zero complex
numbers and k; are arbitrary integers. The involutive condition (1.248) for u = -1
now reduces to U(t)U(—1t)~! = nt*1, where 7 is an arbitrary non-zero complex
number and k is an arbitrary integer, which imposes no further constraints on the 7,
(for j = 2,...,1+ 1) but requires that every k; must be even (for j = 2,...,1+1).

The arguments given in section 4.2 can be repeated to show that every involutive
automorphism of type 1b with u© = —1 corresponding to the root transformation (I)
is conjugate to that generated by U(t) = 1, ;. (The other possibility considered in
section 4.2 of having an involutive automorphism of type 1b with U(t) defined by
(54) is excluded here by the requirement that the &; must be even.)

With U(1) = 1,,, and u = —1 (L.68), {1.71) and (1.73) imply that the correspond-
ing type 1b involutive automorphism is

1
W(he,) = hey +2Y g,
=1
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w(haj)z_haj (J=13-=£)
Yle)=c  v(d)=d

w(eﬂ:au) = “ei{an+2al+20¢2+...+2a|}
1[’(61:0(,') = €xay (J=1,...410). (67)

3.3. Involutive automorphisms of A( ) Jor 1 = 3 of type 1b with u = —1 corresponding
to set (E)

It will now be shown that all the involutive automorphisms of AEI) for ! > 3 of type 1b

with v = -1 corresponding to set (E) are actually conjugate to (67). To demonstrate
this it will numn be sufficient to ehldv an mmmnlp that mr-nrpnrnrpc all the gpnpm]

~mLna e

features. C0n51der therefore the case l =4 wnh conjugacy class representative S%,.
1

The set of conditions (57) immediately reduces to the set (24). Consequently the
analysis given in the first part of section 2.3 again applies, so the most general 5 x 5
matrix U(t) with both U(#) and U(¢)~! having entries that are Laurent polynomials
in ¢ may be taken to be given by (26), where, for j = 1,...,4, n; are arbitrary non-

zero complex numbers and k; are arbitrary integers. The invelutive condition (1.139)

for v = —1 reduces to U(2)U(-¢)~1 = nt*1, where » is an arbitrary non-zero
complex number and k is an arbitrary integer, which implies :
mo=m(-1% k= k (68)

with n,, n, 0, and k, experiencing no further restrictions, but k; and &, being
required to be even. If k. is even, then with S(¢) defined by (59) it follows that with
U(¢) given by (56) (and subject to the constraints (68))

nytke 0 0 0 o

i 0 —nyth2 0 0o 0
S(HU(1)S(—-1) = 0 0 nat¥* 00 (69)

n n n — +ka N

w v v l,4b Uj

\ 0 0 0 0 1

where all the powers of ¢ that appear are even. Likewise, if k, is odd, then with S(t)
defined by

42

I
1
(1) = 0
0
4}

L= R e e R
oo~ O o

-0 0O
-0 Q oo

o

it follows that with U(t) given by (26) (and subject to the constraints (68))

2, tFatl 0 0 0 0

) 0 2ptketd 0 0 0
S(HHU(1)S(-t) = 0 0 ngt¥ 0 0
0 0 0 qtFro0

0 0 0 0 1
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where again all the powers of ¢ that appear are even. Thus, in both cases, by (1.166),
the type 1b involutive automorphism with v = —1 and with U(t) given by (26) (and
subject to the constraints (68)) is conjugate to that corresponding to the matrix that
is merely a rearrangement of a special case of (17).

On repeatmg this analysis for any conjugacy class representative of the set (E),
one finds (after imposing the involutive condition) that each factor S0, a? that appears

is associated with a 2 x 2 submatrix of U(1) of the form

( 0 nmt*m)
77j+1("'t)k5+1 0

which appears in the (7,7), (7,741}, (7+1,7) and (j+1, 7+ 1) positions of U(#).
Similarly, each factor S, that is missing from the product 5%,05%0. .. is associated
1 3

uhﬂ'\ a2x2 d:nnnnnl c:ﬂ-\mnfﬂv nf |If+\ fim the {42 aY (a2 4L 1Y fa L1 3Y and

YTILIL da s Sl URLI WA R sy s L T Ay YT Ly ) anlud
(74 1,7+ 1) positions) with dlagonal entnes n;1% and n;,,t%+ and with k; and
k;,; even. Moreover, with the assumptions made about the set (B), the ({+1,(+1)
e]ement of U(t) always has the value 1. Then there always exists a matrix $(t) (with
entries 1) such that S(HU(1)S(—1) is merely a rearrangement of a special case of

(17), so no new classes of involutive automorphisms can appear.

5.4. Involutive automorphisms of Ag” for 1 > 3 of type 1b with u = -1 corresponding
to set (F)

It will now be shown that all the involutive automorphisms of A?) fori > 3 of type 1b
with u = —1 corresponding to set (F) are actually conjugate to (67). The assumption
will be made in this subsection that { is odd, and it will be convenient to take p° as
the class representative (in place of S”c. o .‘5'”D 0...05° a2 0 T8artan)- Again the analysis
given in the first part of section 2.4 agam apphcs 50 the most general (I+1)x([+1)
matrix U(t) with both U(¢) and U(t)~! having entries that are Laurent polynomials
in ¢ may be taken to be given by (30), where, for j = 2,...,l+ 1, n; are arbitrary
non-zero complex numbers and k; are arbitrary integers. The involutive condition
(1.139) for u = —1 reduces to U(t)U(—1)~! = nt*1, where 7 is an arbitrary non-zero
complex number and k is an arbitrary integer, which implies that

Mg = £l kig =0 (79)
and
Me; = 77;‘+277I+1("1)k5+2 ki_j =k (71)

for j =0,1,...,5(! - 3).
Deﬁne S(t) to be the (I + 1) x (I + 1) diagonal matrix whose diagonal entries
are given by

I for j=1,2,...,{({+1)/2and [ + 1
557 ey (COR9) o= (L4 3)2,0
Then

S(HU(1)S(-1) = ( 0 K(waa)fz)

T}£+1K(z+1)/2
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where K, )/, is defined in (35). If n;,, = 1 and S§(t) is defined by (64), then

0 K = 1 0
S(t ( (1+1)/2) §(~1) = 2( (I+1)/2 ) .
® M1K(141y/2 0 (-1) 0 Loy

Similarly, if n,,, = —1 and 5(t) is defined by

1 K
S(t) = (ﬂérﬁ)/z —t2(1r+1)/2 )
(1+1)/2 (1+1)/2

then

S(t)( Ko K(“(f,l)/?)ﬁ(-t):-21:(1(”1)/2 ae l )
41 D™ ey/2 0 tl(f+1)/2

The matrix on the right-hand side here yields the same involutive automorphism as

the matrix
(1<r+1)/2 ) 0 ) _
0 gy

Thus, in both cases, by (1.166), the type b involutive automorphism with © = —1 and
with U(t) given by (30) (and subject to the constraints (70} and (71)) is conjugate
to that corresponding to a matrix that is merely a rearrangement of a special case of
(17).

5.5. Summary of the involutive automorphisms of Agl ) for 1 2 3 of type 1b with u = —1

The above considerations show that there is only one conjugacy class of involutive
automorphisms of AS” for | > 3 of type 1b with u = —1. Its representative may
be taken to be the involutive automorphism (67), which corresponds to the matrix
U(t) = 1;_'_1-

6. Study of the involutive automorphisms of AEI) for I > 3 of type 2a

6.1. Relevant conjugacy classes for the involutive automorphisms of AEI) for 123 of
fype 2a

The relevant conjugacy classes for the involutive automorphisms of type 2a are exactly
the same as those for the involutive automorphisms of type l1a with v = 1 that were
described in section 2.1. Consequently attention may again be concentrated on the
involutive automorphisms associated with the Weyl transformations alone, and it is
again convenient to divide the conjugacy classes of Weyl transformations into the
three sets (A), (B) and (C) defined in section 2.1,

The type 2a involutive automorphisms with u = 1 corresponding to these sets
will now be considered in turn.
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6.2. Involutive automorphisms of A?I ) for 1> 3 of ype 2a with u = 1 corresponding
to set (A)

The analysis for the type la case¢ with u = 1 may be repeated to show that the
most general (I + 1) x (I + 1) matrix U(t) that satisfies (16) with both U(t) and
U{#)~! having entries that are Laurent polynomials in ¢t may be taken to be given
by (17), where, for j = 2,...,1 + 1, n,; are arbitrary non-zero complex numbers
and k; are arbitrary integers. The involutive condition (1.142) for u = 1 reduces to
U(t)U(z~!) = nt*1, where 7 is an arbitrary non-zero complex number and & is an
arbitrary integer, which implies that n; = +1 (for j = 2,...,1 + 1), with no further
restrictions being imposed on the k; (for j = 2,...,l+41). With §(t) defined to be
the (I + 1) x ({ 4+ 1) diagonal matrix whose diagonal entries are given by

1 for 7 =1
S(t);; = { o, J
[ f0r3=2,___’l+1
then
1 0 0 0
0 nztkn—ﬂﬁ:g 0 e 0
S(t)U(t)S(t‘“l)-—l = 0 0 natka—lng . 0
0 0 0 n1+ltk|-;1—-2m+1

50 the conjugacy condition {1.174) implies that cvery type 2a involative automorphism
(with u = 1) is conjugate to one with U{t) given by (17), but where it may be
assumed that

n; = %1 k;=0o0r1 (72)
for j = 2,...,14 1. There arc two main cases to be considered.
621 k; = 0 forevery j = 2,3,...,1 In this case the analysis is essentially the

same as that for the corresponding type la automorphisms with v = 1 that was
given in section 2.2, the only difference being that U(t) = 1,,, now corresponds not
to the identity automorphism but to an involutive automorphism of order 2. With
U(t) = 1;,, and v = 1 the corresponding type 2a involutive automorphism is (by
(1.69), (1.71), (1.73)) and (1.143)):

{

T«")(h'an) = -hau - 2Zhaj

i=1
blho) =h, G =1,
Wie) = —¢ (73)
w(d)=d
Y(€ia,) = €xfaptra+2ast...+2ar)

Tf')(e:ta,»)=eta,» (j=1,...,0).
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With U(t) corresponding to

1 forj=1,...,n, +1
= 74
i {—1 for j=n, +2,...,0+1 4
and u = 1, where
n, =[3] 30+1,...,1-1 (75)

(with [a] again denoting the largest integer not exceeding a), the corresponding type
2a involutive automorphism is (by (1.69), (1.71), (1.73)) and (1.143))

H
V(he,) = —ho—= 23 h,.

i=1

w(hy)=h,,  (G=1,...,0)

¥(c)=—c

Y(d)=d (76)
V(€ta,) = TCx{aot2a+20zt+2a4}

P(€sq,;) = €4a; (J=1,...,n,)

B(esa,) = —€4a,  (F=nyt+1)

Y(esa;) = 4q; (G=n,+2,...,0

6.2.2. At least one of the k; (for j = 2,3,...,1) takes the value 1. Let N, N_, and
N, be the number of diagonal entries in the U(t) matrix of (17) with values +1, —1
and =t respectively. With the assumption that has just been made N, > 1. There
are two subcases to examine:

(@) N, = N_ (and N, > 1). In this subcase every involutive automorphism is
conjugate to (73) or one of (76). The proof of this assertion is as follows. Clearly
the £1 and =+t entries can be reordered by an appropriate similarity transformation
(with 8(¢) independent of ¢) to give

U(t) = diag{1,1,...,1,-1,~1,...,~1,42,4¢,...,41t}.

Ny N Ny

However the conjugacy condition (1.174) (with $(t) = 1;,,, s = —1, and 5~ %u, = 1)
implies that U(t) and U{—t) give conjugate automorphisms. Consequently at least
one of the +¢ entries may be taken to be . Assuming that the ordering is such that
this is the first,

U(t) = diag{1,1,...,1,-1,-1,...,-1,¢,£t,...,*t}. (77)
Y i ~ - -
Ny N N,

The argument given in the corresponding ! = 2 case (in section 6.2 of paper III) can
easily be extended to show that every (1,-1,1) triple is equivalent t0 a (i,—1%,1)
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triple, so, by N_ applications, the automorphism corresponding to (77) is conjugate
to that corresponding to

U(t) = diag{t,t,...,t,—t,—t,...,—t,t,xt,..., £t}
N+:N_ ;VT_ J:\Tl

This is conjugate to that with

U(t) = diag{1,1,...,1,-1,-1,...,-1,1,+1,..., %1}

o -

Ny=N_ N. Ny

which is one of the set considered in the previous case. Thus no new involutive
automorphisms appear when N, = N_.

by N, # N_ (and N, > 1). In this subcase every involutive automorphism is
conjugate to that associated with

U(t) = diag{1,1,...,1,-1,-1,...,~1,t,¢,...,t 78

(1) g{1 e BN } (78)
where

B+1 <N, <! (79)

O N_gI-[3]-1 (80)

1 N, <-4 (81)

Ny +N_+N,=1+1 82)

and alf the terms invalving the power ¢t have the positive coefficient 1.

The proof of this assertion is as follows. There are two possibilities to be consid-
ered:
(1) N_ > 0. Suppose first that N_ > N . The argument as far as (77) is the same
as before. Applying the resuit that every (1,—1,1) triple is equivalent to a (t,—1,1)
triple N times, one finds that the automorphism corresponding to (77) is conjugate
to that corresponding to

U(t) = diag{t,..., ¢, —t,...,—t,—1,...,=1,8,%¢, ..., £t}
\ (\ - - P

N+ 1\-;; N_rN+ Nl
which is equivalent to
U(t) =diag{t,... t,—t,...,—t, =3, ..., —t*,t,+¢t,..., £t}
S——’ ~ -~ p——— - ~— o
Ny Ny N.=Ng Ny

which in turn is equivalent to

U(t) = diag{1,...,1,-1, > =1, —1, ... ,-t,w}.

Ny Ny N_-Nj Ny
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As U(t) and U(-t) give conjugate automorphisms, this i equivalent to

U(t) = diag{t,...,1,-1,...,—1,t,...,2,1,%1,...,*1 (83)
R S N A
Ny Ny N_-N,; N,

where afl the terms involving the power t have the positive coefficient 1. If 0 <
N_ < N_ asimilar argument shows that the original U(t) is equivalent to

u(t) = diag{1,...,1,¢,...,¢,,-1,...,-1,1,41,...,41} (84)
N i N, e’ ~ " et
N_ N.;.-N.. N- N!

whetre again all the terms involving the power ¢ have the positive coeflicient 1. Both
(83) and (84) have the form

U(t) = diag{1,...,1,-1,...,-1,¢,...,1 (85)
N e N, et
N, N N}

for some values of Nj, N’, and N]. If N; < ! —[3!] the only matter to be
considered is the values of V) and N’. By repeating the arguments used in the
case when k; = O for every j = 2,3,...,1/, it follows that cvery U(2) is equivalent
to one with {3I] + 1 < Nj, so the stated result is obtained. On the other hand if
N; > 1 - [31] a repeat of the argument leading to (83) shows that every U(t) is
equivalent to

U(t) = diag{1,...,1,~1,...,-1,1,...,1}
I

NY N Ny

with N}’ = N} — N., so N < 1—[31], and one is back with the previous situation.
(2) N_ = 0. In this case one can start with (85), which reduces to

U(t)=diag{},1,...,1,t,j:t,...,:i:t}. (86)

A

ad

N; Ny

Application of the previous arguments show that this is equivalent first to

U(¢) = diag{t,t,...,t, 2%, +t2, ..., £t%}
S e e, e’
Ny N,

and then to

U(t) = diag{t,t,...,t,1,+1,...,£1}. 87
S——

Ny N,

Clearly, if at least one term in (86) is —¢, then at least one —1 term appears in (87),
and one is back to the previous case of N_ > 1. On the other hand , if all the
powers of ¢ in (86) have coefficient 1, either N > N_, when the desired result is
obtained immediately, or N, < N_, when (87) has the same form, but with N_ and
N, interchanged, so one is back to the previous case.
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It is quite easily shown using the conditions (I.174), (1.176), (1.178) and (1.180) that
no two involutive automorphisms corresponding to » = 1 and to different matrices
U(t) that are given by (78) with the constraints (79), (80), (81) and (82) all satisfied
(and with N, # N_) are conjugate.

The type 2a involutive automorphisms corresponding to « = 1 and the matrices
U(t) of (78) can be divided into two sets,

(i) Those for which N_ = 0. For these

U(t) = diag{1,1,...,1,8,1,...,t} (88)
Ny Ny

with

[3+1 <N, (89)
and

N, =l+1-N,. (0)
Thus |

n=1 ©o1)

for j=1,...,1+1,and

0 forj=1,...,N
kj={ * 92)

1 for j=N,+1,...,1+1.

The corresponding type 2a involutive automorphism is (by (1.69), (1.71), (1.73)) and
(1.143))

l

Whe) == hey  (G=0)

i=1
W(hy)=h,,  (i#0,N,)
Ny=-1 [}
Wlho) == D ho,— D ho,  (G=N)
F=0 j=Ny+1
p(e) = —c (93)

Ny I-Ny
w(d)= 201+ 1= N, jh,, —2N, 3 jhg,, , —2(+ 1~ N )N,c—d
ji=1 i=1

w(e:l:a,-) = eq:{o:;-{»a:-}-...-{-m} (J = 0)
1I’b(e:i:ar_,') = e:l:a_,- (J ‘-t“" Oa N+)

1'b(e:i:cn,i) = e¥{&n+01+---+GN+-1+C'N++1+---+GI} (J = N+)'
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The number of conjugacy classes of this kind is 1l if { is even and 1+ 1)iflis
odd.

(ii) Those for which N_ > 1. For these U(¢) is given by (78)) with N 4+ N_,and
N, satisfying (79), (80) and (81). Thus

1 forj=1,...,N,
7; =9 —1 for j=N,+1,...,N, + N_ (94)
1 for j=N_+N_+1,...,01+1
and
0 forj=1,...,N N_
k= y +t 95)
? 1 for j=N,+N_+1,...,0+1.

The corresponding type 2a involutive automorphism is (by (1.69), (1.71), (I.73)) and
(L.143))

{
w(haj)_: _Zhaj (.7:0)

i=1

w(ha,-) = ha,-:(j # 0,N, +N_)

Nyg+N_-1 ]

Tb(haj):— Z haJ_— Z haj (J=N++N_)

j=0 J=NG4+N_+1
P(e) = —¢

Ny+N_
Y(d)=-2(l+1-N,—N_) > jh, —2N,
i=1
I-Nj—N_ )
X Z jh"lﬂ—j_2(l+1-N+_N_)(N++N_)c—d (96)
i=1

"’b(ei“i) = Cx{artartton} (j=0)

V(esa,) = €44, (j=1,...,N, - 1)

Vleza,) = —e4q,  (G=N,)

Blesa,) = 4q, (G=N,+1,...,N, + N_+1)

V(ega,) = TR {aotartodon, in_itan, v +itota}(d T Np +N)
V(eta,) = €14, (i=N,+N_+1,...,0).

The number of conjugacy classes of this kind is 3I(1—2) if L is even and ({-1)({+1)
if ! is odd.
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6.3. Involutive automorphisms of A?” Jor 1 > 3 of ype 2a with u = 1 corresponding
to set (B)

It will now be shown that all the involutive automorphisms of Agl) for 1 > 3 of type
2a with u = 1 corresponding to set (B) are actually conjugate to those corresponding
to the set (A) that were considered in the previous subsection. To see this it will be
sufficient to study an example that incorporates ali the general features. Consider
therefore the case [ = 4 with conjugacy class representative Sg?. The most general
5 x 5 matrix U(t) that satisfies (24) with both U(¢) and U(¢)~! having entries that
are Laurent polynomials in ¢ may be taken to be given by (26), where, for j =
1,...,4, n; are atbitrary non-zero complex numbers and k; are arbitrary integers.
The involutive condition (1.142) for uw = 1 again reduces to U()U(t™') = nt*1,
where 7 is an arbitrary non-zero complex number and k is an arbitrary integer, which
implies

ky=k, — ky=0 k=0

7
m=(m)"t  my=#1  ng=z2L
Let 5(t) be the 5 x 5 matrix
1 n, 0 0 O
—-(n)”* 1 0 0 0
S(t) = 0 6 1 0 0 (98)
0 o0 ¢ 1 0
0 0 0 0 1
Then, for the matrix U(¢) of (26) with parameters specified by (97)
' 0 0 0 0
0 -tk 0 0 O
S(HU(HS(t-H™'=| 0 0 £1 0 0 (99)
0 0 0 X1 0
0 0 0 0 1

which is a rearrangement of a special form of the general matrix U(¢) considered in
the previous subsection. As the matrix S{¢) of the associated similarity transformation
and its inverse both have entries that are all Laurent polynomials in ¢, it follows from
(1.174) that every type 2a involutive automorphism (with u = 1) associated with
the matrix U(t) of (26) with parameters specified by (97) is conjugate to a type 2a
involutive automorphism (with u = 1) of the previous subsection.

On repeating this analysis for any conjugacy class representative of the set (B),
one finds that each factor S°, that appears is associated with a 2 x 2 submatrix of

U(t) of the form

0 T]jtkj
(’?j)-likj 0

which appears in the (j,7), (4,j+1), (j+1,7) and (j+1,5+1) positions of U(1) (as
in (26)). Similarly, each factor S¢, that is missing from the product Sgg o Sgg o...

T
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is associated with a 2 x 2 diagonal submatrix of U(¢) (in the (j,j), (4,7 + 1),
(7+1,7) and (j+ 1,7+ 1) positions) with diagonal entries 1. Moreover, with the
assumptions made about the set (B), the (! + 1,1 + 1) element of U(t) always has
the value 1. Consequently the matrix obtained from a transformation similar to that
of (99) is a rearrangement of a special form of the general matrix U(?) considered in
the previous subsection. Consequently every type 2a involutive automorphisms (with

= 1) associated with a root transformation of the set (B) is conjugate to a type 2a

tiva antamnarnh
LIV aul.uulUllJl.lmlll lWll.l.l U= L} UI. I.II.U PIUVIUUD DUUBCDHUII

6.4. Involutive automorphisms of A%I) for L 2 3 of type 2a with u = 1 corresponding
to set (C)

With the assumption that [ is odd, the most general ({4 1) x (I 4+ 1) matrix U(¢) that
corresponds to S”D o SOo 0...0 S'0 with both U(¢) and U(t)~! having entries that

are Laurent polynomlals intis gwen by (28) It is apain convenient to re-order the
rows and columns of U(t) so that U(¢) is given by (29), which actually corresponds to
the root transformation p°o 72, ., . It follows that the most general automorphism
of type 2a with » = 1 associated with this root transformation may be taken to
correspond to (30), where, for j = 2,...,1 + 1, n; are arbitrary non-zero complex
numbers and k; are arbitrary integers. The involutive condition (1.142) for « =1
again reduces to U(¢)U(z~1) = nt*1, where » is an arbitrary non-zero complex
number and k is an arbitrary integer, which implies that

Ma1 = Mty = MMy = -+« = Ny 2Mi48)/2 (100)
and
k‘[+1 =0 kr = k? kl—l = k3’ e ik(l+3)/2 = k(f+l}/2' (101)

Then 7y, M3, ..., Mu4ays2 €an be taken to be arbitrary non-zero complex numbers
and ky, kg, ...,k 1)/ Can be taken to be arbitrary integers.

It will now be shown that all the type 2a involutive automorphisms associated with
these U(¢) matrices (and v = 1) are conjugate to that associated with v = 1 and
a U(t) that is a special case of those considered in subsection 6.2. To demonstrate
this it will be sufficient to apply the conjugacy condition (1.174) to the simplest case
where { = 3. The first step is to take S(z) to be the 4 x 4 diagonal matrix whose
diagonal entries are given by

(mam3)*/? for j=1
S(1);; = 4 (na/mp) 2tk for j =2
1 for ; = 3,4.
Then
S(HU)S(E™ ! = (m,m,) 2K, (102)

However, with S(¢) defined by (36)

sonser (5 4)

whose right-hand side is of the form (18).
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6.5. Summary of the involutive automorphisms of AE” for 1 = 3 of ype 2a

The above considerations show that the number of conjugacy classes of involutive
automorphisms of ASI) for | = 3 of type 2a is é(l 4+ 23(1+4)if L is even and is
(14 3)(1+ 5) if I is odd. Their representatives may be taken to be

(i) the automorphism (73) which corresponds to U{(t) =1,,, and u = 1;

(i) the ! —[1!] automorphisms (76), which correspond to u = 1 and the matrices
U(t) of (17), where k; = 0 for every j = 2,3,...,0 and the {3, 73,..., M4}
satisfy (74);

(iii) the [1(! + 1)) automorphisms (93), which correspond to v = 1 and the
matrices U(t) of (88), where N, and N, satisfy (89) and (90);

(iii) the automorphisms (93), which correspond to » = 1 and the matrices U(¢)
of (78)) with N_, N_ and N, satisfying (79), (80), (81) and (82) (the number of
conjugacy classes of this kind being (I —2) if lis even and (I - 1)(I+ 1) if { is
odd).

7. Study of the involutive automorphisms of AEI) for I > 3 of type 2b

7.1. Relevant conjugacy classes for the involutive automorphisms of AEU forl =23 of
type 2b with u = 1

The relevant conjugacy classes for the involutive automorphisms of type 2b with
u = 1 are exactly the same as those for the involutive automorphisms of type 2b
with « = 1 that were described in section 4.1. Consequently attention may again
be concentrated on the involutive automorphisms associated with products of the
Weyl transformations and the Cartan involution 72_.,.., and it is again convenient to
divide the conjugacy classes of root transformations into the three sets (D), (E) and
(F) defined in section 4.1.

The type 2b involutive automorphisms with © = 1 corresponding to these sets
will now be considered in turn.

7.2, Involutive automorphisms of. Agj) for 1 > 3 of ype 2b with v = 1 corresponding
to set (D)

The set of conditions on the matrix is U(t) is again (53), which again immediately
reduces to the set (16). Consequently the analysis given in the first part of section
2.2 applies yet again, so the most general ({ + 1) x (I + 1) matrix U(t) with both
U(t) and U(¢)~! having entries that are Laurent polynomials in { may be taken to
be given by (17), where, for j = 2,...,1+4 1, n; are arbitrary non-zero complex
numbers and k; are arbitrary integers. The involutive condition (1.144) for u =1
now reduces to U(t)U(t~1)~! = nt*1, where n is an arbitrary non-zero complex
number and k is an arbitrary integer, which imposes no further constraints on the n;
(for j = 2,...,14 1) but requires that k; =0 for j = 2,...,l + 1.

Define S(1) to be the (I 4+ 1) x {{ + 1) diagonal matrix whose diagonal entries
are given by

s 1 for ;=1
(t);; = {(nj)~1/2 for y=2,...,1+1.
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Then
S(HUS(E™Y) =1,

so the conjugacy condition (1.144) implies that every involutive automorphism of type
2b corresponding to the root transformation (D) is conjugate to that generated by
U(t) =14, (and v =1).

This involutive automorphism of type 2b corresponding to U(¢) = 1;,, and u =1
is (by (1.70), (1.71), (1.73)) and (L.145)) the Cartan involution

Y(h,,) = —h,, (G=0,...,0)
Yie) = —¢
Y(d) = —-d
V(eg,,) = e, (j=0,...,0).

(103)

7.3. Involutive automorphisms of A?I) for 1 2 3 of ype 2b with u = 1 corresponding
to set (E)

It will now be shown that all the involutive automorphisms of Agl) for 1 2 3 of type 2b
with u = 1 corresponding to the set (E) are actually conjugate to those corresponding
to the set (D). To demonstrate this it will again be sufficient to study an example
that incorporates all the general features. Consider therefore the case { = 4 with
conjugacy class representative 5%,. The set of conditions (57) immediately reduces
to the set (24). Consequently thclanalysis given in the first part of section 2.3 again
applies, so the most general 5 x 5 matrix U(¢) with both U(¢) and U(¢)~! having
entries that are Laurent polynomials in ¢ may be taken to be given by (26), where,
for j = 1,...,4, n; are arbitrary non-zero complex numbers and k; are arbitrary
integers. The involutive condition (I.144) for u = 1 now reduces to U(#)0(1~1)~! =
nt¥1, where » is an arbitrary non-zero complex number and % is an arbitrary integer,
which implies

T =7 k, = -k, ky=10 ky =0 (104)

with 7,, 14, 14, and k, experiencing no further restrictions.
With §(t) defined by

1 (2n,) "2~k 0 0 0

(2n,) 1/ 2ke -1 0 0 0

S(t) = 0 0 (ng)~1/2 0 0
0 0 0 (ngd~% 0

0 0 0 0 1

it follows that with U(t) given by (26) (and subject to the constraints (104))
S(H)U(t)§(t~") = diag{1,-1,1,1,1}.

Thus, by (1.166), the type 2b involutive automorphism with « = 1 and with U(?)
given by (26) (and subject to the constraints (104)) is conjugate to that corresponding
to a matrix that is merely a special case that considered in the previous subsection.
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On repeatmg this analysm for any conjugacy class representative of the set (E),
one finds (after imposing the involutive condition) that each factor S°., that appears

is associated with a 2 x 2 submatrix of U(¢) of the form

0o nj_l_li—kjﬂ
T}J'tkj"'l 0

which appears in the (j,j), (j,j + 1), (j +1,5) and (j + 1, + 1) positions of

U(t). Similarly, each factor S ; that is missing from the product S“., ° S"g o...
is associated with a 2 x 2 dlagonal submatrix of U(t) (in the (],j), (5,54 1),
(i+1,7) and (7 + 1,7+ 1) positions) with diagonal entries n; and 7,,,. Moreover,
with the assumptions made about the set (B), the (I + 1,! + 1) element of U(t)
always has the value 1. Then there always exists a matrix S(t) whose entrics are
Laurent polynornials in ¢ such that S(¢)U(t)S(—t) is merely a special case of that
considered in the previous subsection, so no new classes of involutive automorphisms
can appear,

7.4. Involutive automorphisms of Agl) for 1 > 3 of type 2b with w = 1 corresponding
to set (F)

The assumption will be made in this subsection that ! is odd, and it will be convenient
to take p® as the class representative (in place of S”D oS“u 0...089 o°"’cartan) Again

the analysis given in the first part of section 2.4 agam appllcs s0 the most general
(I4+1)x(141) matrix U(¢) with both U(¢) and U(¢)~! having entries that are Laurent
polynomials in ¢ may be taken to be given by (30), where, for j =2,...,i+ 1, 5;

are arbitrary non-zero complex numbers and k; are arbitrary integers. The mvolunve
condition (1.144) for u« = 1 now reduces to U(t)U(t'”l)" = nt*1, where 7 is an
arbitrary non-zero complex number and % is an arbitrary integer, which implies that

Mgy = %1 (105)
and

Mi-j = Nj42741 kioj = kipr — Kjpe (106)
for j = 0,1,...,5({ = 3). Then 7y,n5,...,%41)/2 €N be taken to be arbitrary

non-zero complex numbers and k. kz,...,kqyqyy2 and k., can be taken to be
arbitrary integers.

Define S(t) to be the (I 4+ 1) x (I 4+ 1) diagonal matrix whose diagonal entries
are given by

T?(I+1)/2tk{|+1)/9+x for J =1

S(t);; = (Maaaypa/my)tFeenn=hits o for j =2,...,(1-1)/2.
e for j=(l4+1)/2
1 for j = (1 +3}/2,...,!

where « is an integer. Then

& 0 K
S(HHU()S(t~) = tRaapatr ( (l+1)/2)
(BYU)SE™) = 1412 Dyt K o
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where K.y, i defined in (35). Thus, by the conjugacy condition (1.182), every
~ type 2b involutive automorphism corresponding to set (F) is conjugate to one with
u = 1 and either

0] K
Uit) = (H—l)/?)
(t) (7’?{+1K(:‘+1}/2 0
or
0 K
U(t) = (t+1)/2)
® (771+11K(I+1)/2 0

where n;,, satisfies (105). However the type 2b involutive automorphisms with u = 1
corresponding o

o K
Ut = ( (r+1)/2)
O=tkapnya 0
and
0 K
u(t) = (1+1)/z)
@ (—“‘(M)/z 0

are conjugate (by (1.182) with s = —1 and S$(¢) = 1;,,). Moreover the type 2b
involutive automorphism with « = 1 corresponding to U(t) = K;, is conjugate to
the Cartan involution, for with §(#) defined by (64), then

§t-1y = 2 ( lu+vyr2 0 )
S(t)K,,,5(t7 ) =2 ( o s

where the matrix on the right-hand side here is merely a rearrangement of a special
case of (17), and hence, as shown in subsection 7.1, gives an automorphism that is
conjugate to that corresponding to U{¢) = 1,,,.

Thus there are only wo new conjugacy classes of type 2b involutive automorphisms
with « = 1. Their representatives may be taken to be

{1) the involutive automorphism corresponding 1o

0 K
U(t) = ('+1}/2) 107
) (—Kcm)/z 0 (on

which (by (70), (1.71), (1.73)) and (L145)) is
{
T‘b(hau) = —haru - 2Z h‘or,
i=1

W(he,) = hoyy, (j=1,...,0)

P(c) = —c
w(d) = —d (108)
w(eiao) = _e:‘{:{ag+2al+...+‘2(1;}

1:b(e:l:':nr_.,-) = e:baH,l_j (J = 15 ceey %(l - l)v%(l‘l' 3),. . ,l)

lb(eia,-) = —Ciapy,-, (7= ';'(l +1))
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(2) the involutive automorphism corresponding to

0 K
uee) = (1+1)/2>
® (tK(IH}/z 0 (109)

which (by (1.70), (L71), (.73)) and (L.145)) is

i
"ib(h‘aj) = _Z:haj (J = 0)

i=1
-
Ww(h, )_Eh 2k, + Z ha, (F=1,...,51-1))
j jz=l+2=3
Vlha,) = hay, (=3U+1))
I-j
w(h, )—Zha,+ Z R,  (G=31+3),....D)
j J=i+2—; (110)
Y(c) =~
(i+1)/2 (1-1)/2
w(d) = —(14 1){ ): Ghoy+ D Ghe_,)—d
; =
w(e:&:a,;) = _e:F{Ql+...+O{;} (J = 0)
w(eta,‘) - —ei{dg-l-...+CX[-j+20{+1-;’+€¥[+2_}'+...+a|} (j = 1! sy %(l - 1))
w(eia,) - —eim|+1,5 (j = %(l + 1))
ui’(eﬂ:a,') = “e:t{ﬂo+--.+(2|,_j+ﬂj+2.,j+...+€!|'} (J = %(t + 3)3 trty I")'

As the matrix U(t) of (107) is antisymmetric, and as that of (109) is symmetric
for t = 1 and antisymmetric for ¢t = —1, and as K, is symmetric, the conjugacy
conditions (1.182), (1.184), (1.186) and (1.188) all imply that the corresponding type
2b involutive automorphisms cannot be conjugate.

7.5. Summary of the involutive automorphisms of A( ) fort 2 3 of type 2b

The above considerations show that the number of conjugacy classes of involutive

automorphisms of A{" for I > 3 of type 2b is 1if { is even and is 3 if ! is odd, and
that their representatives may be taken to be

(i) for I even or odd, the Cartan involution (103) which corresponds to U(t) =
1, and v = 1;

(i) for ! odd, the automorphism (108), which corresponds to « = 1 and the
matrix U(t) of (107);

(iii) for { odd, the automorphism (110), which corresponds to » = 1 and the
matrix U(t) of (109).
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8. Concluswns regarding the matrix formulation of the involutive automorphisms of
AN for 1 >

The analysis that has been given in the previous sections shows that the number

of conjugacy classes of involutive automorphisms of A&l) for I > 3 of type 2b is
1(124101+48) if l is even and is £({? + 1214 99) if I is odd. These are distributed
in the following.

(i) The number of conjugacy classes of fype Ia mvolutwe automorphisms with
u=1is 2(I-}- 2) if 1 is even and is 1(l+ 5} if I is odd. Their representatives may
be taken to be: {(a) the identity automorph:sm, (b) the [1(! 4+ 1)] automorphisms
(23), which correspond to the matrices U{t) of (18), where the {1y, M3s- -+ M1}
satisfy (22); (c) for [ odd, the involutive automorphism (39}, which corresponds to
the matrix of (18).

(i) There is one conjugacy class of fype Ia involutive automorphisms with « = —1.
Its representative may be taken to be the automorphism (44), which corresponds to
the matrix U(t) of (18), where the {n,, n3,...,m,,} satisfy (43).

(iii) The number of conjugacy classes of ape 1b involutive automorphisms with
u=1is one if [ is even and is three if ! is odd. Their representatives may be taken
to be: (a) for I even or odd, the involutive automorphism (55), which corresponds
to the matrix U(#) = 1,,,; (b) for { odd, the involutive automorphism (56), which
corresponds to the matrix U(t) of (54); (c) for ! odd, the involutive automorphism
(66), which corresponds to the matrix U(2) of (65).

(iv) There is one conjugacy class of fype Ib involutive automorphisms with u =
—1. Tts representative may be taken to be the involutive automorphism (67), which
corresponds to the matrix U(t) =14,.

(v) The number of conjugacy classes of fype 2a involutive automorphisms is sU +
2)(I+4) if 1 is even and is (I + 3)({+5) if | is odd. Their representatives may be
taken to be: (a) the automorphism (73) which corresponds to U(t) = 1;;, and u = 1;
(b) the { — [4!] automorphisms (76), which correspond to « = 1 and the matrices
U(¢) of (17), where kj = 0 for every j = 2,3,...,{ and the {my,n3,... My}
satisfy (74); (c) the [3(I + 1)) automorphisms (93), which correspond to v =1
and the matrices U() of (88), where N, and N, satisfy (89) and (90); (d) the
automorphisms (96), which correspond to u =1 and the matrices U(t) of (78) with
N,, N_, and N, satisfying (79), (80), (81) and (82), (the number of conjugacy classes
of t this kind bemg LI(L-2)if  is even and 1(1—1)(I+ 1) if { is odd).

{(vi) The number of conjugacy classes of type 2b involutive automotphisms is one
if I is even and three if [ is odd. Their represcntatives may be taken to be: (a) for
{ even or odd, the Cartan involution (103) which corresponds to U(t) = 1,,, and
v = 1; (b) for { odd, the automorphism (108}, which corresponds to « = 1 and the
matrix U(¢) of (107); (c) for ! odd, the automorphism (110), which corresponds to
v =1 and the matrix U(¢) of (109).

These results may be compared with those obtained by Kobayashi {4] for the
derived algebra of AEI) for { > 3 by another method. (As mentioned previously, as

Kobayashi considered only the derived algebra of AE”, his analysis did not include any
discussion of the action of automorphisms on the scaling element d.) In Kobayashi’s
classification the order 2 automnorphism conjugacy class representatives are called (a),
(a"), (&), (&), (¢), (), (d), (d'), (d"), (e), (€’), (e") and (f). The extensions
of these to the whole of the Kac-Moody algebra A,l) will be now related to the
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conjugacy classes of ASI) listed at the beginning of this section. Unfortunately the
information given by Kobayashi [4] is not sufficiently explicit to make an absolutely
firm identification in every case, as the following list indicates:

(a) The extensions 1, of Kobayashi’s involutive automorphisms (a) are the type
la automorphisms (23), which correspond to « = 1 and the matrices U(t) of (18),
where the {ny,73,...,7m.,;) satisfy (22).

(a’) (for I odd)]. The extension 1,, of Kobayashi’s involutive automorphism (a’)
is probably conjugate to the type 1a involutive automorphism (39}, which corresponds
to u = 1 and the matrix of (18);

(b) The extensions 1, of Kobayashi’s involutive automorphisms (b) are the type
2a involutive automorphisms corresponding to u = 1 and

— _ e _ 2
U(t) =diag{1,...,1,~¢,...,—t,—1,...,-1, ¢t* }

Ni=1 N IF1=Ny=N;

and so are conjugate to the type 2a involutive automorphisms which correspond to
u = 1 and the matrices U(t) of (78) with N, N_, and N, satisfying (79), (80), (81)
and (82).

(b’) The extensions v, of Kobayashi’s involutive automorphisms {b') are the type
2a involutive automorphisms corresponding to v = 1 and

U(t) = diag{1,...,1,—t,...,—t, t* }
P A
Ng-1 1+1- N, 1

and so are conjugate to the type 2a involutive automorphisms (93}, which correspond
to u = 1 and the matrices U(t) of (88), where N, and N, satisfy (89) and (90).

(b") The extensions yr,.. of Kobayashi's involutive automorphisms (") are the
type 2a involutive automorphisms corresponding to « =1 and

— di _ _ 2
u(t) = diag{1,...,1,-1,...,-1, t* }
Ny=1 I+1=N4 1

and so are conjugate to the type 2a involutive automorphisms (76), which correspond
to u = 1 and the matrices U(t) of (17), where k; = 0 for every j = 2,3,...,{ and
the {7y, M35. .. TH+1} satisfy (74).

(b™) The extension ., of Kobayashi’s involutive automorphism (b"') is the type
2a involutive automorphism corresponding to « = 1 and

=di 2
U(t)_dlag{l,...,l,\t/}

1 i
and so is conjugate to the type 2a involutive automorphism (73}, which corresponds
toU(t)=1;,, and u = 1.

(¢) The extension 1, of Kobayashi's involutive automorphism (c} is the type 1a
automorphism (44), which corresponds to « = —1 and the matrix U(t) of (18), where
the {n;, 73, ... My} satisly (43); _ _ ) ‘

(d) The extension 1, of Kobayashi’s involutive automorphism (d) is the type 1b
involutive automorphism corresponding to u = 1 and

— di 2
U(t) = diag{1,...,1, t° }
i 1
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and so is conjugate to the type 1b involutive automorphism (55), which corresponds
to v =1 and the matrix U(t) = 1;_,.

(d’) The extension 3, of Kobayashi’s involutive automorphism (d’) is the type
1b involutive automorphism corresponding to u = 1 and

t) = di - 2
U( ) lag{]" b 1’\\;{/!&/}

-1 1 1

and so is conjugate to the type 1b involutive automorphism (56), which corresponds
to u =1 and the matrix U(t) of (54).

(d") (for [ odd). The extension 4, of Kobayashi’s involutive automorphism (d")
is probably conjugate to the type 1b involutive automorphism (66), which corresponds
to « =1 and the matrix of (65).

(e) The extension 3, of Kobayashi's involutive automorphism (e) is the Cartan
involution (103), which is a type 2b automorphism that corresponds to U(¢) = 1,
and v =1;

(e) and (&’) (for ! odd). The expressions quoted by Kobayashi [4] are not
sufficently explicit to allow the general form of the automorphisms to be deduced
but their extensions are probably conjugate to the type 2b involutive automorphisms
(168) or (110), which correspond to u = 1 and the matrices of (107) and (109).

(f) The extension v of Kobayashi’s involutive automorphism ( f) is the type 1b
automorphism (67), which corresponds to uw = —1 and to the matrix U(2) = 1;,,.

As shown in section 4.2, the two involutive automorphisms (d) and (d'} of
Kobayashi lie in the same conjugacy class if ! is even, but lie in different conjugacy
classes if [ 8 odd. This conclusion differs from that of Kobayashi [4], who implies
that (d) and (d") always lic in different conjugacy classes. (This matter was analysed
in detail for the case ! = 2 in section 8 of paper 1IL)

The involutive automorphisms of AEI) have also been considered previously by
Levstein [S], but unfortunately his tables are insufficiently explicit to allow a detailed
comparison to be made with the results obtained here.
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