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J. Phys. A: Math. Gen. 25 (1992) 39774015. Printed in the UK 

Involutive automorphisms of the affine Kac-Moody algebras 
A!” for I 2 3 by the matrix method 

J F Cornwell 
Department of Physics and Astronomy, University of St Andrew, North Haugh, SI 
Andrews, Fife, KY16 9% Scotland, UK 

AbSIracL The determination of all the conjugay c1as.e~ of involulive automorphisms of 
the affine Kac-Moody algebras AI” for I > 3 is presented using lhe matrix formulation 
of automorphisms of an affine Kac-Moody algebra that was developed in a previous 
paper. 

1. Introduction 

In a previous paper [l] a general matrix formulation of the automorphisms of un- 
twisted affine Kac-Moody algebras was developed, and was subsequently applied to 
the special cases of AY) [2] and AV) [3]. (These papers will henceforth be referred 
to as papers I, I1 and 111 respectively.) However, as was noted in papers I1 and 111, 
both AY1 and AY1 have some special features that are absent in the general case of 
A{’) with 1 > 3, and these special features help to simplify the analysis. The present 
paper is devoted to finding the conjugacy classes of the involutive automorphisms of 
the more complicated algebras A{’) with I 

The notations and conventions that will he employed in the present paper are 
those defined in paper I (with the additional convention here that equation labels 
such as (6) and (1.6) refer to the sixth numbered equation of the present paper and 

the corresponding simple Lie algebra is A,, for which has rank 1. The generalized 
Cartan matrix of A{’)  for 1 > 3 is 

3. 

of p2p.r I rpsprc~:,.!;,), Whpx th. ..t..&t.d a!fine &c-Mnody t!g.br. 2 & P , y  

A =  

‘ 2  -1 0 . . .  0 0 -1 
-1 2 -1 . . .  0 0 0 
0 -1 2 . . .  0 0 0  

0 0 0 . . .  2 -1 0 
0 0 0 _ ’ ’  -1 2 -1  

,-1 0 0 ” ’  0 -1 2 

The I + 1 simple roots of A{’] are aj for j = 0 , .  . . , I ,  and as the highest root a i  
of A, is E;.=, ay, the relation a, = 6 - aH implies that the root 6 is given by 

0305-4470/92/143977+39504.50 @ 1992 IOP Publishing Ltd 3911 



3978 J F Comwell 

and so 

For these simple roots 

( a j , a k )  = ( 1 / { 2 ( 1 +  1)l)Ajk (4) 

for j,k = 0 , .  . . , I .  
Let be the ( 1  + 1)dimensional irreducible representation of A, in which 

w:$ = h$ = (1/{2(1 t 111) (ej,j -ej+i.j+i) (5) 

for j = 1,. . . , 1 ,  and 

where a0 = ay (for p < q )  and where ej,k is the ( 1  t 1) x ( 1  + 1) matrix for 
which (ej,k)vs = SjT.6,, for j, k , r , s  = 1,. . . , 1 .  The value of the Dynkin index of 
this representation is given by y = 1/{2(1 + I)}. 

As in the case of A?), this representation of AI') for 1 3 3 is not equivalent to its 
contragredient representation. Thus for AI') with 1 2 3 the set of type Ib involutive 
automorphisms does not coincide with the set of type la involutive automorphisms 
and the set of type 2b involutive automorphisms does not mincide with the set of 
type 2a involutive automorphisms. The type l a  and type lb  sets both divide into 
two disjoint subsets with U = 1 and U = -1, whereas for the determination of the 
representatives of the conjugacy classes of the type 2a and the type 2b sets it is 
sufficient to let U = 1. Consequently there are six sets of involutive automorphisms 
of Ai') for 12 3 to be considered. These are: 

(i) type l a  involutive automorphisms with U = 1, which will be analysed in 
section 2; 

(ii) type la  involutive automorphisms with U = -1, which will be analysed in 
section 3; 

(iii) type l b  involutive automorphisms with U = 1, which will be analysed in 
section 4; 

(iv) type. l b  involutive automorphism with U = -1, which will be analysed in 
section 5; 

(v) type 2a involutive automorphism (with U = l ) ,  which will be analysed in 
section 6; 

(vi) type 2b involutive automorphisms (with U = l), which will be analysed in 

The conclusions concerning involutive automorphism of A!') for 12 3 are sum- 
marized in section 8, and compared there with previous related work 

As was demonstrated in papers I1 and 111, one can rely completely on the ma- 
trix formulation of automorphisms, the only structural ingredient needed being Some 

^^ .̂:̂ .. - 
>CLLI",L I .  
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knowledge of the root transformations of the corresponding simple Lie algebra A,. 
As mentioned in section 3 of paper I, every conjugacy class of involutive automor- 
phisms of 2 contains at least one Cartan-preserving involutive automorphism, and 
each such Cartan-preserving involutive automorphism is associated with an involutive 
root transformation T O  of L. 

For I 2 2 the important basic root-preserving transformations of Ai') are: 
(i) ro = E (the identity), for which 

To(,;) = a; ( j  = 1, .  . . , 1 )  (8) 

(ii) ro  = S:! (the primitive Weyl transformation associated with the simple root 
ay), for which 

ro(ap) = a; ( j  = 3 , .  . . , 1 )  

(iii) yo = So, (the primitive Weyl transformation associated with the simple root 
0,  

ay) (with 3 < j < 1 - l ) ,  for which 

T O (  a:) = a: ( k  = 1,. . . , j - 2) 

(iv) T O  = So (the primitive Weyl transformation associated with the simple root 
0: 

ay), for which 

To(,;) = ap'(j = 1, .  . . , 1 -  2 )  

0 0  0 0 
T ( q - 1 )  = a,-1+ a, 

T O (  ay) = -ay 

(v) T O  = po (the Dynkin diagram symmetry operation for A,),  for which 

(12) 
0 

rO(a9) = a,+l-j 

T 0 (a"=-a? 

( j  = 1 (. . .  , 1 )  

(vi) T O  = (the Cartan involution for A,), for which 

(13) ( j = l ,  ..., 1 ) .  I J 

For 1 2 2 the group of root-preserving transformations of A, is isomorphic to the 
direct product of the subgroup of order 2 {E, r,!arcan) with the subgroup of Weyl 
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transformations of A,. Consequently the group of root-preserving transformations 
of A, has order 2{(1 + l)!) (for 1 > 2). Although neither the Cartan involution 
T,!,,,,~ nor the Dynkin diagram symmetry operation po can be expressed as a Weyl 
transformation, the product r,&., o po does coincide with a Weyl transformation. 
This implies that for 1 3 2 po can always be written in the form pa = S o T&,,,~ for 
some Weyl transformation S. 

2 the Weyl group of A, has 111 conjugacy classes of involutive transfor- 
mations, where [ a ]  denotes the largest integer not exceeding a. These consist of 
the identity E, together with [ $ ( 1 +  l)] conjugacy classes of order two Weyl trans- 
formations, for which a set of representatives may be taken to be {SO.} for A,, 

and so on. (It should be noted the tke primitive Weyl reflections in each of these 
sets mutually commute.) Consequently the group of root-preserving transformations 
of A, for 1 >, 2 has 211) conjugacy classes of involulive transformations, for which the 
representatives may be taken to be the [ l ]  Weyl group elements just listed, together 
with their products with T&,,,,. The last of these conjugacy classes, that is the one 

it is actually more convenient to take po as its representative. 

For 1 

a, 
{Sz,, Sz? 0 S&} for A, and A,, {S:o,  S:: 0 s::, s:? 0 5':: 0 S&} for A, and A,, 

containing S'& 0.. . o Sa! 0 0  o rCcartan with IC = 2 [ $ ( 1  + l)] - 1, also contains P O ,  and 

2. Study of the involutive automorphisms of AI') for 1 > 3 of type la with U = 1 

2.1. Relevant conjugacy classes for the involurive automorphisms of Ai" for 1 > 3 of 
lype l a  with U = I 
It is easily shown that there exists no non-singular ( 1  + 1) x ( 1  + 1) matrix U(t) that 
satisfies the conditions: 

U(i)h;:U(t)-' = -ho 0," (14) 

for j = 1, . . . , 1. Consequently there are no type la  involutive automorphisms Of 

Ai') for 1 3 with U = 1 corresponding to the Cartan involution T,&" of (13). 
Similarly there are no type la involutive automorphisms of Ai') for 1 >, 3 with U = 1 
corresponding to the root transformations that are products of Weyl transformations 
and T,'?,,,,~, so attention may be concentrated on those associated with the Weyl 
transformations alone. 

It is convenient to divide the conjugacy . classes of Weyl transformations into the 
following three sets: 

(A) the conjugacy class consisting of E alone; 
(B) the mnjugacy classes with representatives: S'&, S'& o S:.,, . . . , S$ 0 SEo 0 

. . . o S'& with 

( 1 - 2  i f1 i sodd  
11-1 if 1 is even 

k =  (15) 

(C) if 1 is odd, the mnjugacy class with representative S:, o S:;, o . . . o sip. 
The type la  involutive automorphisms with U = 1 corresponding to these Sets 

will now be considered in turn. 
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22. Involunve automorphisms of A!') for 1 2 3 ofype  l a  with U = 1 conesponding 
to set (A) 

The most general ( 1 +  1) x ( 1  + 1) matrix U(t) that satisfies 

U( t )h~ .U( l ) - '  = hLQ (16) 

for j = 1,. . . , I  with both U(t) and U(t) - I  having entries that are Laurent polyno- 
mials in t is given by 

U(t )  = 

where, for j = 1, . . . , 1  + 1, 7; are arbitrary non-zero complex numbers and k; 
are arbitrary integers. However, (1.111) shows that ( q ; ) - l l - k i U ( t )  and U(t) both 
give the same automorphism, so on putting qk = (qL)/(q;) and IC, = k; - k; for 
h - L ,  . . . , L T I ,  ,I IUII"WJ ,,,a, L l l r  I , I U I ) L  gc,,rror 'luruL,r"rpLrr>l,r U, LypG 10 WLU, 

U = 1 associated with the identity root transformation corresponds to 
I" - 1 I 1 1 :r *I."* An .,._"I n ̂ I__ "l  "..rn-.r,.-..L:r... ^C C...,, In ... :*I. 

U ( t )  = 

where, for j = 2 , .  . . , 1  + 1, qj are arbitrary non-zero complex numbers and k, are 
arbitrary integers. The involutive condition (1.136) now reduces to .U(t)2 = q lk l l ,  
where q is an arbitrary non-zero complex number and k is an arbitrary integer, which 
implies that k, = 0 and qj = fl for j = 2, .  . . , 1 +  1. That is 

U(f)  = 

/ 1  0 0 " '  0 
0 q2 0 , , .  
0 0 q3 " '  : j 
. . .  . . .  . . .  

\ U  0 0 " '  l ) l t l l  

where qj  = fl for j = 2 , .  .. , 1 +  1. The conditions (U%), (L160), (1,162) and 
(1.164) for the conjugacy of two type la  involutive automorphisms corresponding to 
two matrices U,(t) and U,(t) of the form (18) (and to U = 1) all reduce to 

?U:(l) = SUz(t)S-' (19) 

where S is clearly independent of 1 and 1) is an arbitrary non-zero complex number. 
A necessaly condition for (19) to be satisfied is that 

{trUl(t)}ltl/{det U,(l)} = {trU,(t)}'+'/{det U2(t)}. (20) 
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Suppose that the set { q 2 ,  q 3 , .  . . , qtl} contains n+ entries with value +1 and the 
remaining 1 - n+ entries have value -1. The case n+ = 1 corresponds to U,(t) = 1 
and hence to the identity automorphism, which, as always, is in a class of its own, 
and which can be disregarded in the analysis that follows. Of the rest, there are 
only [ $ ( 1  + l)] distinct values of {trU(t)}’+’/{det U( t ) } ,  which may be taken to 
correspond to 

n+ = [ ; 1 ] , [ $ 1 ]  + 1,.  . . , 1 -  1. (21) 
(Here again [ a ]  denotes the largest integer not exceeding a ) .  It is then clear that 
(19) is also a sulficient condition for conjugacy. For each value of n+ satisfying (21) 
the { q 2 , q 3 , .  . . , qrtl} may be chosen so that 

q, = q2 = ... = qn+ = 1 

l)(n++l) = 77(n++2) - . . . = q1 = -1 

1)(1+1)  = 1 .  

+(h,;) = ha, 

(22) - 

By (I.67), (1.71), (1.73)) and (1,138) this corresponds to the involutive automorphism 

( j = o ,  . . . ,  1 )  

( j  = n+ or 1 )  

(for all otherj). 

+(e*,,) = -e* 01, 

+(%“,I = e*,, 

23. Involutive autoniorphisms of Ai” for 1 2 3 of type l a  with U = 1 corresponding 
to set (E) 

It will now be shown that all the involutive automorphisms of A!’) for 1 2 3 of type 
la with U = 1 corresponding to set (B) are actually conjugate to those corresponding 
to the set (A). Tb see this it will he sufficient to study an example that incorporates 
all the general features. Consider therefore the case 1 = 4 with conjugacy class 
representative S‘&. The most general 5 x 5 matrix U(t) that satisfies 

U(t)h::U(t)-l -ho 4 

with both U(l)  and U( t ) - I  having entries that are Laurent polynomials in t is given 
bY 

0 0 0 
0 0 

(25) 
0 0 

0 0 
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where, for j = 1, . . . ,5, q; are arbitrary non-zero complex numbers and kj are 
arbitrary integers. However, (1.111) shows that (q;)-lt-kiU(t) and U(t) both give 
the same automorphism, so on putting q, = ( q ; ) / ( q ; )  and k, = kk - kk for 
k = 2,.  . . , 5 ,  it follows that the most general automorphism of type la with U = 1 
associated with this root transformation corresponds to 

f 0 qitk' 0 

-O 0 Il4lk' 0 1  O I  
0 
0 

where, for j = 1,. . . ,4, qj are arbitrary non-zero complex numbers and k, are 
arbitrary integers. The involutive condition (1.136) again reduces to U(t), = q tk l ,  
where q is an arbitrary non-zero complex number and k is an arbitrary integer, which 
implies 

k, = -k, k3 = 0 k, = 0 0, = (qi)-' q3 = f l  q4 = f l .  

(27) 

As U(t) is therefore diagonalizable with eigenvalues f l ,  so that the diagonalized 
form is the same as that of (18), and as the matrix S( t )  of the associated similarity 
transformation and its inverse both have entries that are all Laurent polynomials in 
t, it follows that every type la  involutive automorphism (with U = 1) associated with 
such a U(t) is conjugate to one of the type la involutive automorphisms (with U = 1) 
of the previous subsection. 

On repeating this analysis for any conjugacj class representative of the set (B), 
one finds that each factor S i o  that appears is associated with a 2 x 2 submatrix of 
U(t) of the form 

" t k ' >  0 ((?l,)-lt-kJ 
0 

which appears in the ( j , j ) ,  ( j , j + l ) ,  ( j + l , j )  and ( j + l , j + l )  positions ofU(1) 
(as in (26)).  Similarly, each factor So that is missing from the product SZ: o Sio 0 .  . . 
is associated with a 2 x 2  diagonal submatrix of U ( t )  (in the ( j , j ) ,  (j , j+l) ,  ( j t 1 , j )  
and ( j + l ,  j + l )  positions) with diagonal entries f l .  Moreover, with the assumptions 
made about the set (B), the ( 1  + 1,1 + 1) element of U(t) always has the value 1. 
Then U(t) is always diagonalizable with eigenvalues fl, so that the diagonalized 
form is the same as that of (18), and that the matrix S ( t )  of the associated similarity 
transformation and its inverse both have entries that are all Laurent polynomials in 
1. Consequently every type la  involutive automorphisms (with U = 1)  associated with 
a root transformation of the set (9) is conjugate to one of the type la involutive 
automorphisms (with U = 1)  of the set (A). 

2.4. Involurive automorphisms of A!')  for 1 2 3 of qpe l a  wilh U = 1 corresponding 
IO set (C) 

With the assumption that 1 is odd, the most general ( 1  + 1) x ( 1  + 1) matrix U(t) 
that corresponds to Si! o S& 0.. . o S$ with both U(t)  and U(t)-' having entries 

*," 
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that are Laurent polynomials in t is given by 

U ( t )  = 

0 q;t,: 0 0 ... 0 0 
q;& 0 0 0 ... 0 0 

0 0 0 q;& ... 0 0 
0 0 q p :  0 ... 0 0 

0 0 0 0 ... q;+lt"+l 0 
0 0 0 0 ... 0 

It is convenient to re-order the rows and columns of U ( t )  to give 

0 0 1 . .  0 7 J ; t k :  

0 0 ... q p  0 

0 rJ;tk: .. . 0 0 
q;+ltk;+' 0 ... 0 0 

U ( t )  = 

which actually corresponds to the root transformation po o As (1.111) shows 
that ( q ; ) - l t - k : U ( t )  and U ( t )  both give the same automorphism, so on putting 
q, = (q;)/(q;) and k, = k; - k; for k = 2 , .  . . , 1  + 1, it follows that the most 
general automorphism of type la  with U = 1 associated with this root transformation 
corresponds to 

0 0 ... 0 
0 ... q p  0 

q l t l t k ~ + ~  0 ... 0 0 

j ;) [ :  q1lk '  ... 0 0 

U ( t )  = 

where, for j = 2 , .  . . , 1  + 1, qj  are arbitrary non-zero complex numbers and ki are 
arbitrary integers. The involutive condition (1.136) again reduces to U ( t ) ,  = 111'1, 
where q is an arbitrary non-zero complex number and k is an arbitrary integer, which 
implies that 

q l t l  = q z q l  = q3qf-l = ' . '  = q ( f t l ) / z q ( l t 3 ) / 2  (31) 

and 

kit, = k ,  + k,  = k ,  + kf-l  = . . . - - '(f+1)/2 + ' ( I t 3 ) / 2 .  (32) 

Then q,, q,, . . . , q(f+3)/2 can be taken to be arbitrary non-zero complex numbers 
and k,, k,, . . . , k(1t,)12 can be taken to be arbitrary integers. Suppose that the type 
la involutive automorphism corresponding to this (and to U = 1) is conjugate to 
that corresponding to U = 1 and a U ( t )  matrix of the form (18). Invoking (I.I58), 
taking the determinants of both sides, and using (32) gives as a necemty condition for 
conjugacy that k(ltl)/2 + k(lt3)12 must be even. (The same conclusion also follows 
from using (1.160), (1.162) and (1.164) in place of (1.158), as the U ( 1 )  matrix Of (18) 
is actually independent of t.) The two sub-cases will now be considered separately. 
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24.1. k ( ! + l ) / z  + k ( l + 3 ) / z  assumed men. It will now be shown that in this case all the 
type la  lnvolutive automorphisms associated with these U(t) matrices (and U = 1) 
are conjugate to that associated with ZL = 1 and 

which is a special case of (18). The first step in this demonstration is to define S ( t )  
to be the ( 1  + 1) x ( 1  + 1) diagonal matrix whose diagonal entries are given by 

for j = ( l + 3 ) / 2 ,  ..., I +  1 
/qi) l /2t(kl+1-i-ki) /2 for j = 1 ,  ...,( I +  1)/2.  (34) 

{ l  (v1+2-; 
s ( t ) j j  = 

Then, with U(t) as defined in (M), 

S ( t ) U ( t ) S ( t ) - '  = q t k K I + ,  

for some non-zero complex number q and some integer k, where K, is the m x m 
skew-diagonal matrix 

0 0 ... 0 1 

K, = 
0 1 ... 0 0 
1 0  . . .  0 0 

The second step is to note that with S ( t )  defined by 

then 
\ $  

I .* 

(35) 

whose right-hand side is the U(t) matrix of (33), which is of the form (18). 

\ 2.4.2. 
diagonal matrvr whose diagonal entries are given by 

+ k(l+3),2 assumed odd. Define S ( t )  to be the ( I  + 1) x ( 1  + 1) 

'\ 

Then, with U ( t )  as\defined in (30), 
\ 

S( 2)U( t ) S (  t)-1 = qt"'( 1) 
\, 

where '\ 
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and where 17 is some non-zero complex number and k is some integer. Thus wety 
type la involutive automorphism associated with the matrix U ( t )  of (30) and U = 1 
with k(f+l),2 + k(ft3),2 assumed odd is conjugate to that associated with the matrix 
U’(t) of (38) and U = 1, which, by (L67), (L71), (1.73)) and (LIB), is 

+ ( h a 0 )  = h - ,  + ho2 + ...+ h a ,  

+ h,, + ’ . ’+ ) = 
+ he(z+w + . . . + h e ,  

+ ( h , ; )  = -he ,+ , - ,  (j # O , ( l + 1 ) / 2 )  

25. Summay of the involufive automorphisms of A$‘) for 1 2 3 of ype l a  with U = 1 

The above considerations show that the number of conjugacy classes of involutive 
automorphisms of A!’) for 1 > 3 of type l a  with U = 1 is i(l+ 2 )  if 1 is even and 
is i(l+ 5) if 1 is odd. Their representatives may be taken to be 

(i) the identity automorphism; 
(ii) the [ + ( l +  l ) ]  automorphisms (23), which correspond to the matrices U ( t )  of 

(W, where the tu2,  v 3 , .  . . 
(iii) for 1 odd, the involutive automorphism (39), which corresponds to the matrix 

of (38). 

I 
’ 

satisfy (22); 

3. Study of the involutive automorphisms of AI’) for 1 > 3 of type la with U = -1 

3.1. Relevant conjugacy classes for the involutive automorphisms of Ajl’for 1 2 3 of 
ype l a  with U = - 1  

The relevant conjugacy classes for the involutive automorphisms of type la with 
U = -1 are exactly the same as those for the involutive automorphisms of type 
la with U = 1 that were described in section 2.1. Consequently attention may 
again be concentrated on the involutive automorphisms associated with the Weyl 
transformations alone, and it is again convenient to divide the conjugacy classes of 
Weyl transformations into the three sets (A), (B) and (C) defined in section 2.1. 

The type la  involutive automorphisms with U = -1 corresponding to these sets 
will now be considered in turn. 
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3.2. Involutive automorphisms of Ai') for 1 2 3 of fype l a  with U = -1  corresponding 
IO set (4 
The analysis for the U = 1 case may be repeated to show that the most general 
( 1  + 1)  x ( 1 +  1)  matrix U(t) that satisfies (16) with both U ( t )  and U(t)-I  having 
entries that are Laurent polynomials in t may be taken to be given by (17), where, 
for j = 2 , .  . . , 1 +  1, q j  are arbitrary non-zero complex numbers and k, are arbitraly 

where q is an arbitrary non-zero complex number and k is an arbitrary integer, which 
again implies that kj = 0 and qj = i1 for j = 2 , .  . . , 1  + 1. That is, U(t) is again 
given by (18), where qj  = A 1  for j = 2 , .  . . , 1  + 1. 

However, in contrast to the U = 1 case, when U = -1 all of the type la  involutive 
automorphisms corresponding to these matrices of (18) are mutually conjugate. That 
is, there is cwt@ one conjugacy class of type la involutive automorphisms with U = -1 
corresponding to the root transformation set (A). 

The first stage in the proof of this assertion is to merely repeat the line of 
argument given in section 2 2  to show that all type la  involutive automorphisms 
with U = -1 with the Same value of {trU(t)}'+'/{det U(t)} are conjugate. (This 
time there are [ $ ( 1 + 3 ) ]  distinct values of {trU(t)}'+'/{det U(t)) to be considered. 
These may be taken to correspond to 

Iln.tegers; The involutive mndition (Llq for 21 = -1 reduces to U ( t . ) U ( - t )  = #l; 

nt = [ i l l ,  [ + 1 ]  + I,. . . , l  (40) 
as for U = -1 the choice U( t )  = 1 does not correspond to the identity automorphism, 
but corresponds to an automorphism of order WO.) The remaining step is to note 
that with S ( t )  defined by 

then 

- 
lhe  conjugacy condition (1.158) then implies that type la  involutive automorphisms 

with U = -1 corresponding to the matrix on the right-hand side of (42) is conjugate 
to the type la involutive automorphism with U = -1 corresponding to 1,+1 for evey 
value of n+ given in (40). 

A convenient choice for the set { q l ,  q 2 , .  . . , v ( + ~ }  is 
for j = 1 , .  . . , 1  r -1 f o r j = l + 1 .  (43) 

By (1.67), (L71), (1.73)) and (1.138) this corresponds to the involutive automorphism 

1G(h,>) = ( j = o ,  . . . ,  1 )  

* ( c )  = c 

N d )  = d (44) 

tG(e*.,,) = %e> 

*(e* , , )  = -e**, .  

( j  = 0,1,. . . , 1 -  1) 
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3.3. Invohfive automorphisms of AI') for 1 2 3 of type l a  wifh U = - I  corresponding 
fo sef (E) 

It will now be shown that all the involutive automorphisms of AI') for 1 >, 3 of 
type la with U = -1 corresponding to set (B) are actually conjugate to (44). m 
see this it will be sufficient to study an example that incorporates all the general 
features. Consider therefore the case I = 4 with conjugacy class representative 9:. 
The most general 5 x 5 matrix U(1) that satisfies (24) with both U(1) and U(t)- I  
having entries that are Laurent polynomials in 1 may be taken to be given by (26), 
where, for j = 1, .  . . ,4, 7. are arbitraly non-zero complex numbers and ICj are 
arbitrary integers. The involutlve condition (1.136) for U = -1 again reduces to 
U(t)U(-1) = 71'1, where q is an arbitraly non-zero complex number and 12 is an 
arbitrary integer, which implies 

k, = -k, I C j =  0 I C ,  = 0 q2 = ( - l )k l (q l ) - l  

J .  

q 3 = * 1  q4 = f l .  (45) 

Let S ( 1 )  to be the 5 x 5 diagonal matrix whose diagonal entries are given by 

Then, for the matrix U ( 1 )  of (26) with parameters specified by (49, 

S ( 1 ) U ( t ) S ( - 1 ) - I =  (46) 

This is diagonalizable with eigenvalues *l, so that the diagonalized form is the same 
a that of and as the matrix S ( t )  of the associated similarity transformation 
and its inverse both have entries that are all Laurent polynomials in 1,  it follows that 
every type l a  involutive automorphism (with U = -1) associated with the matrix 
U(1) of (26) with parameters specified by (45) is conjugate to the type la involutive 
automorphism (with U = -1) of (44) of the previous subsection. 

On repeating this analysis for any conjugacy class representative of the set (B), 
one finds that each factor So. that appears is associated with a 2 x 2 submatrix of 
U(1) of the form 

a; 

0 

which appears in the ( j ,  j ) , ( j ,  j + 1 ), ( j + 1 , j ) and ( j + 1 , j + 1 ) positions of U ( 1) 
(as in (26)). Similarly, each factor So. that is missing from the product S:; o S:; 0 .  . . 
is associated with a 2 x 2  diagonal submatrix of U ( 1 )  (in the ( j , j ) ,  (i,j+l), (j-kl.j) 
and ( j + l , j + l )  positions) with diagonal entries f l .  Moreover, with the aSsumptioW 
made about the set (B), the ( I  + 1,1 + 1) element of U( t )  always has the d u e  1. 
Consequently the matrix obtained from a transformation similar to that Of (46) is 

a, 
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diagonalizable with eigenvalues &l, so that the diagonalized form is the same as that 
of (18), and that the matrix S ( t )  of the associated similarity transformation and its 
inverse both have entries that are all Laurent polynomials in t. Consequently evey 
type la involutive automorphisms (with U = 1) associated with a root transformation 
of the set (B) is conjugate to the type l a  involutive automorphism (with U = -1) of 
(44) of the previous subsection. 

3.4. Involutive automorphisms of Ai’) for 1 3 of type l a  with U = - 1  corresponding 
to set (C) 

With the assumption that 1 is odd, the most general ( Z +  1) x ( 1 +  1) matrix U ( t )  that 
corresponds to 5’;: o 5’;; o . . . o 5’;; with both U ( t )  and U(t)-’ having entries that 
are Laurent polynomials in t is given by (28). It is again convenient to re-order the 
rows and columns of U(t) so that U(t)  is given by (29), which actually corresponds to 
the root transformation po o T & ~ ~ .  It follows that the most general automorphism 
of type la  with U = -1 associated with this root transformation may be taken to 
correspond U) (W), where, for j = 2 , .  . . , 1  + 1, q, are arbitrary non-zero complex 
numbers and k j  are arbitrary integers. The involutive condition (1.136) for U = -1 
again reduces to U(t)U(-t) = 71kl, where 7 is an arbitrary non-zero complex 
number and k is an arbitrary integer, which implies that 

- q((r+l) /2q(l+3)/2(-1)  k(’+”’2 (47) k z  - k s  - 
T i t i  = qzqi(-l) - % ? f - 1 ( - 1 )  - ’ .  , - 
and 

ki+l = k2 + ki = k, + kl-1 = ’ ‘ ‘ = k(f+1)/2 + k(l+3)/2 (48) 

with kitl being required to be even. Then q, ,  q 3 , .  . . ,q( i+3)/2 can be taken to 
be arbitrary non-zero complex numbers and k, ,  k, ,  . . . , k(,+i)/2 can be taken to be 
arbitrary integers, but 

It will now be shown &at a// the type la  involutive automorphisms associated 
with these U ( t )  matrices (and U = -1) are conjugate to that associated with U = -1 
and a U(t)  that is a special case of (18). ’lb demonstrate this it will be sulficient to 
apply the conjugacy condition (1,158) to the simplest case where 1 = 3. The first step 
is to take S ( t )  to he the 4 x 4 diagonal matrix of (34). Then 

/ 2  must be such that k(itl l /2 + k(l+,)12 is even. 

for some non-zero complex number q and some integer k. As the involutive condition 
implies that k,  + k, is even then k2 - k, must also be even. If (12, - k , ) /2  is even 
the matrix on the right-hand side of (49) reduces to K,, and with S ( t )  defined hy 
(36) 

S ( t ) K , S ( - t ) - ’  = (2 -;,j 
whose right-hand side is of the form (18). If ( k 2  - k 3 ) / 2  is odd, with S ( t )  defined 
bY 
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then 

S(t)K,+lS(-t)-l = ( 1  + 1 - ' )  ( 
where the matrix on the right-hand side is again of the form (18). 

3.5. Summary of the involutive automorphisms of Ai') for 1 2 3 of Qpe l a  with U = -1 

The above considerations show there is only one conjugacy class of involutive auto- 
morphisms of A{') for 1 > 3 of type la with U = -1. Its representative may be 
the automorphism (U), which corresponds to the matrix U ( t )  of (18), where the 
tv2,v3,...,vltll satisfy (43). 

4. Study of the involutive automorphisms of A:') for 1 3 3 of type l b  with U = 1 

4.1. Relevant conjugacy classes for the involutive automorphisms of A{')  for 1 3 3 of 
@e l b  with U = 1 

It is easily shown that there exists no non-singular ( 1  + 1) x ( 1  + 1) matrix U ( 1 )  that 
satisfies the conditions 

U(l){-h:o)U(t)-l = ho *; (51) 

for j = 1,. . . , 1 .  Consequently there are no type lb  involutive automorphisms of 
A\') for 12 3 with U = 1 corresponding to the identity rmt  transformation of (8). 
Similarly there are no type l b  involutive automorphisms of Ai') for 1 3 3 with U = 1 
corresponding any root transformations that are members of Weyl group, so attention 
may be concentrated on those associated with products of the Weyl transformations 
and the Cartan involution T&,,,,. 

It is convenient to divide the conjugacy classes of root transformations into the 
following three sets: 

(D) the conjugacy class consisting of 
(E) the mnjugacy classes with representatives 

alone; 

0 0  0 0 0  0 0 0 0  sa: 0 Tc,,,,,,, soy 0 sa; 0 Tc,,ta., . . . ?  se; 0 so; 0 " ' 0 0 TC"" 

with 

if 1 is odd 
1 - 1  if 1 is even 

(F) if 1 is odd, the conjugacy class with representative 

0 0  s,$ 0 S$ 0 . . . o  sop 0 rc,,,,,. 

The type lb  involutive automorphisms with U = 1 corresponding to these Sets 
will now be considered in turn. 



Involufive automorphi~ms of A i ' )  Jar 12 3 3991 

4.2. Involutive automorphisms of A!')  for 1 2 3 of type l b  with U = 1 corresponding 
to set (0) 

Because the matrices h:o are diagonal (cf (S)), the set of conditions 

U ( t ) { - 6 ; ; } U ( t ) - '  = -ho a; (53) 

for j = 1,. . . , 1 ,  immediately reduces to the set (16). Consequently the analysis given 
in the first part of section 2.2 again applies, so the most general ( 1  + 1) x ( 1 +  1) 
matrix U($) with both U ( 1 )  and U(t)-' having entries that are Laurent polynomials 
in t may be taken to be given by (17), where, for j = 2 , .  , . , 1 +  1, qj  are arbitrary 
non-zero complex numbers and kj are arbitrary integers. The involutive condition 
(1.139) for U = 1 reduces to U(t)U(t)-' = q t k l ,  where q is an arbitrary non-zero 
mmplex number and k is an arbitrary integer, which imposes no further constraints 
o n t h e q j a n d k j  ( f o r j = 2 ,  ..., l + l ) .  

It will now be shown that 
(i) if 1 is even then every involutive automorphism of type lb  with zl = 1 

corresponding to the root transformation (D) is conjugate to that generated by 
U ( t )  = 1,+'; and 

(ii) if 1 is odd then every involutive automorphism of type lb  with U = 1 mr- 
responding to the root transformation (D) is conjugate either to that generated by 
U(l)  = L , + l  or to that generated by 

The proof of these results deals exclusively with matrices U ( 1 )  that are diago- 
nal. Xvo sets of diagonal elements will be said to be equivulenf if and only if the 
corresponding involutive automorphisms are conjugate. Clearly two sets of diagonal 
elements that merely differ in their ordering of elements are equivalent. 

The first stage in the argument is to show that the set of diagonal elements of the 
diagonal matrix U(t)  of (17) is equivalent to that with U ( t ) ] '  = 1 and U(t) j j  = 1 
or 1 for each j = 2 , .  , . , I  + 1. The second stage is to demonstrate that the sets 
{. . . ,1,1, t ,  . . .) and {. , . , t ,  t , t ,  . . .) are equivalent. (Both of these results follow 
by an immediate generalization of arguments given for the 1 = 2 case in section 4.2 
of paper 111). The following two conclusions then follow by repeated application of 
these results: 

(i) If the set of diagonal elements contains an even number entries 1 (with the 
other entries being t), then this set is equivalent to the set { t ,  t , .  . . , 1 ) ,  which, by 
(1.166), is equivalent to the set {l, 1 , .  . . ,1}. 

(ii) If the set of diagonal elements contains an odd number entries 1 (with the 
other entries again being assumed to be t ) ,  then this set is equivalent to the set 
{ l , t ,  1 , .  , . , t } ,  which is equivalent to the set { t * ,  t ,  1 , .  . . , t )  (by a further application 
of the generalization of the argument given in section 4.2 of Paper 111.) By (1.166) this 
is equivalent to the set { t ,  1,1, .  . . , l),  which is equivalent to the set {1 ,1 , .  , . , 1, t}. 

If 1 is even then the set of 1 + 1 diagonal elements contains an odd number of 
members. If an even number of these have Mlue 1 (with the other entries being t ) ,  
then the previous conclusion (i) implies that the set is equivalent to {1,1,. . . ,I}. 
However if an odd number of these 1 + 1 entries have d u e  1 (with the other entries 
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being t), then there are an even number of t entries, which can be converted to an 
even number of 1 entries, so again conclusion (i) implies that the set is equivalent to 

If 1 is odd then the set of 1 + 1 diagonal elements contains an even number of 
members. If an even number of these have value 1 (with the other entries being 
t), then (i) implies that the set is equivalent to {l, 1, .  . . ,1). If an odd number of 
these I + 1 entries have value 1 (with the other entries being t), then there are an 
odd number of t entries, which cannot converted by the above arguments to an even 
number of 1 entries, and then conclusion (ii) implies that the set is equivalent to 

These arguments imply immediately that the sets { l , l , .  . . ,1) and {1,1,. . . ,1, t)  
are 2quivalent if 1 is even. However, if 1 is odd the sets {l, l , .  . . , l )  and 
{ l ,  1,. . . , l , t )  are not equivalent, for if they were equivalent, and U'(t) is the 
diagonal matrix with diagonal elements { 1, 1, . . . , 1, t), then (LEX), (L168), (1.170) 
and (1.172) would imply that there must exist a ( 1  + 1)  x ( I  t -1)  matrix S ( t )  
with entries that are Laurent polynomials in t such that S(t ) l l t lS( t )  = qtkU'(t) 
for some non-zero complex number q and some integer k. ?his requires that 
{det S(t))2 = (qtk) l t l t ,  and as det S ( t )  must be a Laurent polynomial in 1, this is 
only possible if {det S(t))2 = q'tk' for some non-zero complex number q' and some 
integer IC'. Then k( 1 + 1) + 1 = 2k', so k' cannot be an integer if 1 is odd. 

With U(t) = lltl and U = 1 (1.68), (1.71) and (1.73) imply that the corresponding 
type lb  involutive automorphism is 

{l,l , .  . . , l ) .  

{ l , l )  ..., 1,t) .  

$(h,J = hao + 2 k he> 
]=1 

@(h,) = --ha> (j = 1, .  . . . 1 )  

Il(e+,J = ~ i {o . t20 ,+2o , t  ... t 2 o l )  

$(e*a j )  = erej (j = 1,. . . , I ) .  

Similarly, with U ( t )  given by (54) and U = 1 (I.68), (1.71) and (1.73) imply that 
the corresponding type lb  involutive automorphism is 

I 



4.3. Involutive automorphisms of A;') for 1 3 3 of fype Ib wilh U = 1 corresponding 
to se1 (E) 
It will now be shown that all the involutive automorphisms of A!') for I 3 of type 
l b  with U = 1 corresponding to set (E) are actually conjugate to one of the set (D). 
?b see this it will be sufficient to study an example that incorporates all the general 
features. Consider therefore the case 1 = 4 with fonjugacy class representative S:;. 
Because the matrices ha are diagonal (cf (5 ) ) ,  the set of conditions 

-> 

U(t){-h;;}U(f)-' = hi; 

U(t){-h$]U(t)-' = -h$ - h$ 

U(t){-h:;}U(t)-' = -hio 

U(t){-h;:)U(t)-' = -h:: 

(57) 

immediately reduces to the set (24). Consequently the analysis given in the first part 
of section 23 again applies, so the most general 5 x 5 matrix U(t) with both U(2) 

given by (26), where, for j = 1, .  . . ,4, qj are arbitrary non-zero complex numbers 
and IC, are arbitrary integers. The involutive condition (1.139) for U = 1 reduces to 
U(t)U(t)-l = q t k l ,  where q is an arbitrary non-zero complex number and IC is an 
arbitrary integer, which implies 

GliI-1 ksging entees *,at zie kdien: p=!ynomia!s in 1 may be "ken ;= & 

vi = 9 2  ki = (58) 

but, for j = 2,3,4, vj and I C j  do not have to satisfy any further constraints for. With 
S(f) defined by 

0 0 0 0 1  

(59) 

it follows that with U(2) given by (26) (and subject to the constraints (58)) 

0 0 0 

0 q 3 t k a  0 0 !) . 
0 0 0 1  

(60) 
0 0 q 4 t ' 4  0 
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Thus, by (1.166), the type lb  involutive automorphism with U = 1 and with U ( t )  
given by (26) (and subject to the constraints (58)) is conjugate to that corresponding 
to the matrix on the right-hand side of (60), which is merely a rearrangement of a 
special case of (17). 

On repeating this analysis for any conjugacy class representative of the set (E), one 
finds that after imposing the involutive condition that each factor S:o that appears 
is associated with a 2 x 2 submatrix of U ( t )  of the form 

L J t k J  O q l t k J )  0 

which appears in the ( j , j ) ,  ( j , j  + l ) ,  ( j  + 1,j) and ( j  + 1 , j  4- 1)  positions of 
U ( t ) .  Similarly, each factor So, that is missing from the product Si: o So o . , . is 
associated with a 2 x 2  diagonal submatrix of U ( t )  (in the ( j , j ) ,  ( j , j + l ) ,  ( j+ l , j )  
and ( j  + 1,j + 1) positions) with diagonal entries q J t k ,  and qJ+ltk~+l. Moreover, 
with the assumptions made about the set (B), the ( 1  + 1,1  + 1 )  element of U ( t )  
always has the wlue 1. Then there always exists a matrix S ( t )  (with entries k l )  such 
that S ( t ) U ( t ) S ( t )  is merely a rearrangement of a special case of (17). so no new 
classes of involutive automorphisms can appear. 

4.4. Involulive automolphlsms of Ai') for 1 > 3 of lype I b  with U = 1 corresponding 
to set (F) 

The assumption will be made in this subsection that 1 is odd, and it will be convenient 

Because the matrices h:o are diagonal (cf ( S ) ) ,  the set of conditions 

0 1  '4 

to take po as the class representative (in place of S i y  o Sio o . . . o Se: 0 0  o T,-~,~,,). 

U ( t ) { - i & ) U ( t ) - '  = ho 
-?+,-I 

for j = 1,. . . , 1 ,  immediately reduces to the set 

U ( t ) h t g U ( t ) - '  = - h i .  
,+,-E 

for j = 1,. . . , l .  Consequently the analysis given in the first part of section 24 
again applies, so the most general ( 1  + 1) x ( 1  + 1)  matrix U ( t )  with both U ( t )  and 
U ( t ) - '  having entries that are Laurent polynomials in 1 may be faken to be given 
by (JO) ,  where, for j = 2 , .  , . , 1  + 1, q j  are arbitrary non-zero complex numbers 
and kj are arbitrary integers. The involutive condition (1,139) for U = 1 reduces tO 

U ( t ) U ( t ) - '  = qt'l,  where q is an arbitrary non-zero complex number and k is an 
arbitrary integer, which implies that 

%+I = *1 k1,l = 0 (61) 

~ 1 - j  = 1 l j + 2 ~ 1 + 1  k1-j = kj+2 (62) 

and 

f o r j = 0 , 1 (  . . . )  ? ( 1 - 3 ) .  1 
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Define S ( t )  to be the ( 1  + 1) x ( 1  + 1) diagonal matrix whose diagonal entries 
are given by 

for j = 1,1+ 1 
for j = 2 , .  . . , ( 1 +  1) /2 .  

for j = ( 1  + 3) /2 , .  . . , l .  
S ( t ) . .  I J  = { I  (qjtk>)-l/z 

( q i t z - j t k z + 2 - ~ ) - 1 / z  

Then 

where K ( l + l ) , z  is defined in (35). There are two cases to be considered. 

4.4.1. q1+2 = 1. In this case the matrix on the right-hand side of (63) reduces to the 
symmenic matrix K,+l. With S ( t )  is defined by 

then 

As the matrix on the right-hand side here is merely a rearrangement of a special case 
of (17), no new classes of involutive automorphisms can appear in this case. 

4.4.2. In this case the matrix on the right-hand side of (63) is 
unfkymmetric. Because of the symmetry and antisymmetry properties of the matri- 
ces involved, the conjugacy conditions (1.166). (1.168), (1.182) and (1.184) imply that 
the typelb involutive automorphism with U = 1 corresponding to this is not conjugate 
to that any of those of the set (D). With 

qlt,  = -1 .  

and U = 1 (L68), (1.71) and (1.73) imply that the corresponding type lb  involutive 
automorphism is 
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4.5. Summary of [he involutive automorphkms of Ai') for 1 2 3 of type 16 with U = I 

The above considerations show that the number of conjugacy classes of involutive 
automorphisms of AI') for 1 2 3 of type l b  with U = 1 is 1 if 1 is even and is 3 if 1 
is odd. Their representatives may be taken to be 

(i) for 1 even or odd, the involutive automorphism ( 5 9 ,  which corresponds to the 
matrix U ( t )  = l,,,; 

(ii) for 1 odd, the involutive automorphism (56), which corresponds to the matrix 

(iii) for 1 odd, the involutive automorphism (66), which corresponds to the matrix 
U(t) of (54); 

U ( t )  of (65). 

5. Study of the involutive automorphisms of AI') for 1 2 3 of type lb with U = -1 

5.1. Relevant conjugacy classes for the involutive automorphisms of AI'' for 1 3 of 
type l b  wilh U = - 1  

The relevant conjugacy classes for the involutive automorphisms of type lb  with 
U = -1 are exactly the same as those for the involutive automorphisms of type lb 
with U = 1 that were described in section 4.1. Consequently attention may again 
be concentrated on the involutive automorphisms associated with products of the 
Weyl transformations and the Cartan involution 7gSrtm, and it is again convenient to 
divide the conjugacy classes of root transformations into the three sets (D): (E) and 
(F) defined in section 4.1. 

The type lb  involutive automorphisms with U = -1 corresponding to these sets 
will now be considered in turn. 

' 

5.2. Involutive automorphisms of AI') for 1 2 3 of type l b  with U = - 1 corresponding 
to set (0) 
The set of conditions on the matrix is U ( t )  is again (53), which again immediately 
reduces to the set (16). Consequently the analysis given in the first part of section 
2.2 applies yet again, so the most general ( 1  + 1) x ( 1  + 1) matrix U ( t )  with both 
U ( t )  and U ( t ) - '  having entries that are Laurent polynomials in t may be taken to 
be given by (17), where, for j = 2 , .  . . , 1  + 1, q j  are arbitrary non-zero complex 
numbers and I C j  are arbitrary integers. The involutive condition (1.248) for U = -1 
now reduces to U ( t ) U ( - t ) - l  = 71'1, where q is an arbitrary non-zero complex 
number and k is an arbitrary integer, which imposes no further constraints on the qj 
(for j = 2 , .  . . , / + l )  but requires that every kj  must be even (for j = 2 , .  . . , 1+1) .  

The arguments given in section 4.2 can be repeated to show that every involutive 
automorphism of type lb  with U = - 1  corresponding to the root transformation (D) 
is conjugate to that generated by U ( t )  = l,,,. (The other possibility considered in 
section 4.2 of having an involutive automorphism of type l b  with U ( t )  defined by 
(54) is excluded here by the requirement that the kj  must be even.) 

With U(t)  = 11+1 and U = -1 (I.68), (1.71) and (1.73) imply that the correspond- 
ing type lb  involutive automorphism is 
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$(ha,) = -ha, (j = 1, .  . . , 1 )  

$ ( c )  = c $ ( d )  = d 

= -e* toot2ort2a2+ ...+ 2-41 

( j  = l,.. . , l )  $(e*u,) = eTa, 

3997 

5.3. Involutive automorphisms of A{')  for 1 > 3 of fype Ib  with U = - 1  corresponding 
to set (E) 

It will now be shown that all the involutive automorphisms of Ai') for 1 > 3 of type l b  
with U = -1 corresponding to set (E) are actually conjugate to (67). 'RI demonstrate 

features. Consider therefore the case l = 4 with mnjugacy class representative Si;. 
The set of mnditions (57) immediately reduces to the set (24). Consequently the 
analysis given in the first part of section 23 again applies, so the most general 5 x 5 
matrix U(t) with both U ( t )  and U(t)- '  having entries that are Laurent polynomials 
in t may be taken to be given by (26), where, lor j = 1,. . . ,4, q, are arbitrary non- 

for U = -1 reduces to U(t)U(-t):l = q t k l ,  where 17 is an arbitrary non-zero 
complex number and k is an arbitrary integer, which implies 

this it %I!! be sfiffi.&nt stcdy exc~.p!p thrt j n ~ ~ p n r n t e r  rl.""" 211 -.. the I.- nenerrl -..-.-. 

?.e'" mmp!ex sumbea enb k, are zrh i t rq ,  integers. ??..- .;7"e!"tk;e C=sdkien (1.1%) 

R l  = 172(-1)k' k,  = k, (68) 

with q2,  q3, q4 and k, experiencing no further restrictions, but k3 and k, being 
required to be even. If k, is even, then with S ( t )  defined by (59) it follows that with 
U(t) given by (56) (and subject to the constraints (68)) 

0 
0 

S ( t ) U ( t ) S ( - t )  = 0 q 3 t k 3  0 0 

0 0 

where all the powers of t that appear are even. Likewise, if k, is odd, then with S ( t )  
defined by 

t 0 0 0  
- 1 2  0 0 0 

0 1 0  
0 0 1  

it follows that with U ( t )  given by (26) (and subject to the constraints (68)) 

0 0 0 

0 
0 0 0 1  

S ( t ) U ( t ) S ( - t )  = 
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where again all the powers of 1 that appear are even. Thus, in both cases, by (I.i&j), 
the type lb involutive automorphism with U = -1 and with U ( t )  given by (26) (and 
subject to the constraints (68)) is conjugate to that corresponding to the matrix that 
is merely a rearrangement of a special case of (17). 
On repeating this analysis for any wnjugacy class representative of the set (E), 

one finds (after imposing the involutive condition) that each factor Szg that appears 
is associated with a 2 x 2 submatrk of U ( t )  of the form 

1 

) ( qjt1(- t )kJ+1 0 
0 qjtl tkj+l 

which appears in the ( j , j ) ,  (j , j+l) ,  ( j+ l , j )  and ( j + l , j + l )  positions of U ( t ) .  
Similarly, each factor So, that is missing from the product So,oS~~o.. . is associated 

011 01, 

( j  + l , j  + 1)  positions) with diagonal entries q j l k '  and 9jt1tkj+1 and with k j  and 
kjtl even. Moreover, with the assumptions made about the set (B), the ( 1  + 1 , l +  1) 
element of U(1) always has the value 1. Then there always exists a matrix S ( t )  (with 
entries A l )  such that S ( t ) U ( t ) S ( - t )  is merely a rearrangement of a special case of 
(17), so no new classes of involutive automorphisms can appear. 

5.4. Involutive automorphisms of Ai') for 1 2 3 of type Ib with U = - I  corresponding 
to set (F) 
It will now be shown that all the involutive automorphisms of Ai') for 1 > 3 of type l b  
with U = -1 corresponding to set (F) are actually conjugate to (67). The assumption 
will be. made in this subsection that I is odd, and it will be wnvenient to take p o  as 
the class representative (in place of So o Sto D .  . . o Slo o ~ 8 ~ ~ ~ ~ " ) .  Again the analysis 
given in the first part of section 2 4  again applies, so the most genera! ( I +  1) x ( 1 +  1)  
matrix U ( t )  with both U ( t )  and U ( t ) - '  having entries that are Laurent polynomials 
in t may be taken to be given by (30), where, for j = 2 , .  . . , 1  + 1, 9, are arbitrary 
non-zero complex numbers and k, are arbitrary integers. The involutive condition 
(1,139) for U = -1 reduces to U(t)U(-t)- l  = qt ' l ,  where q is an arbitrary non-zero 
wmplex number and k is an arbitrary integer, which implies that 

.&h a 2 y 2 $agcfia! -bmatrk of "(t) 6s !hp ( j , j ) ,  ( j , j  + I), (j + 1 , j )  and 

0 ;  

? I t 1  = f l  klt l  = 0 (70) 

01-1 = Oj+201t,(-l)kj+l k1-j = kj+2 (71) 

and 

for j = 0,1, .  . . ,4(1-3) .  
Define S ( t )  to be the ( 1  + 1)  x ( 1  + 1) diagonal matrix whose diagonal entries 

0 K ( l + l ) / )  0 
( 9 1 t l K h 2  

S ( t ) U ( t ) S ( - t )  = 
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where K(ltl)/2 is defined in (35). If qitl = 1 and S( t )  is defined by (64), then 

Similarly, if qitl = -1 and S(t) is defined by 

then 

The matrix on the right-hand side here yields the same involutive automorphism as 
the matrix 

O > .  
( 1 ( i t 1 ) / 2  

0 t21(1,1)/2 

Thus, in both cases, by (I.l%), the type lb  involutive automorphism with U = -1 and 
with U ( t )  given by (30) (and subject to the constraints (70) and (71)) is conjugate 
to that corresponding to a matrix that is merely a rearrangement of a special case of 
(17). 

5.5. Summary of h e  involutive automorphisms of Ai') for 1 > 3 of 'ype 16 wilh U = -1 

The above considerations show that there is only one conjugacy class of involutive 
automorphisms of A!') for 1 2 3 of type l b  with U = -1. Its representative may 
be taken to be the involutive automorphism (67). which corresponds to the matrix 
WO = &+I.  

6. Study of the involutive automorphisms of Ai') for 1 2 3 of type 2a 

61. Relevant conjugacy classes for the involutive automorphisms of A!') for 1 > 3 of 
'ype 2a 

The relevant conjugacy classes for the involutive automorphisms of type 2a are exactly 
the same as those for the involutive automorphisms of type la with U = 1 that were 
described in section 2.1. Consequently attention may again be concentrated on the 
involutive automorphisms associated with the Weyl transformations alone, and it is 
again convenient to divide the conjugacy classes of Wcyl transformations into the 
three sets (A), (B) and (C) defined in section 21. 

The type 2a involutive automorphisms with U = 1 corresponding to these sets 
will now be considered in turn. 
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62 .  Involutive automorphisms of A{" for 1 3 of ype 20 wifh U = I corresponding 
to set (A) 

The analysis for the type la case with U = 1 may be repeated to show that the 
most general (1  + 1) x ( 1  + 1) matrix U ( t )  that satisfies (16) with both U ( t )  and 
U ( t ) - '  having entries that are Laurent polynomials in t may be taken to be given 
by (17), where, for j = 2 , .  . . , 1  + 1, qj are arbitrary non-zero complex numbers 
and kj are arbitrary integers. The involutive condition (1.142) for U = 1 reduces to 
U ( t ) U ( t - ' )  = q t ' l ,  where 1) is an arbitrary non-zero complex number and k is an 
arbitrary integer, which implies that qj  = fl (for j = 2, .  . . , 1 +  1). with no further 
restrictions being imposed on the kj (for j = 2 , .  . . , I  + 1). With S ( t )  defined to be 
the ( 1  + 1) x ( 1  + 1) diagonal matrix whose diagonal entries are given by 

for j = 1 
for j = 2 ,  ..., I +  1 t - " j  

s( t ) j j  = 

then 

s ( t ) u ( t ) s ( t - 1 ) - 1  = 

so the mnjugaq condition (1.174) implies that cvcry fypc 2a involutive automorphism 
(with U = 1) is conjugate to one with U ( t )  given by (17), but where it may be 
assumed that 

q. I = h1 k j  = 0 or 1 (72) 

for j = 2 , .  . . , 1 +  1. There are two main cases to be considered. 

621. kj = 0 for evey j = 2,3,. . . ,/. In this case the analysis is essentially the 
Same as that for the corresponding type la automorphisms with ti = 1 that was 
given in section 2.2, the only difference being that U ( t )  = l,,,, now corresponds not 
to the identity automorphism but to an involutive automorphism of order 2. With 
U ( t )  = l,tl and U = 1 the corresponding type 2a involutive automorphism is (by 
(1.69), (1.71), (1.73)) and (1,143)): 
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With U ( 1 )  corresponding to 

for j = 1,. . . , nt + 1 
for j = n+ + 2 , .  . . , 1 +  1 

and U = 1, where 

4001 

(74) 

nt = [ 91 [+1]  + 1,. . . , 1 -  1 (75) 

(with [a] again denoting the largest integer not exceeding a), the corresponding type 
2a invo~utive automorphism is (by (L69), (L71), (1.73)) and (1,143)) 

6.2.2. At least one of the kj (for j = 2 , 3 , .  . . , I )  takes the value 1. Let Nt, N-, and 
N, be the number of diagonal entries in the U(t) matrix of (17) with values +1, -1 
and f t  respectively. With the assumption that has just been made N, 2 1. There 
are two subcases to examine: 
(a) Nt = N -  (and N, > 1). In this subcase every involutive automorphism is 
conjugate to (73) or one of (76). The proof of this assertion is as follows. Clearly 
the i l  and rtt entries can be reordered by an appropriate similarity transformation 
(with S ( t )  independent o f t )  to give 

U(t) =diag{ l , l ,  ..., 1,-1,-1,  . . . ,  - l , f t , f t  ,..., f t )  --- 
Nt N -  N, 

However the conjugaq condition (1.174) (with S ( t )  = 1,+,, s = -1, and s- 'h2  = 1) 
implies that U ( f )  and U ( - f )  give conjugate automorphisms. Consequently at least 
one of the f f  entries may be taken to be 1. Assuming that the ordering is such that 
this is the first, 

U ( t )  = diag{l , l ,  .. . , l , - l ,  -1,. . . , - l , t , i t , .  . . , + t ) .  (77) --- 
N+ N- NI 

The argument given in the corresponding 1 = 2 case (in section 6 2  of paper 111) can 
easily be extended to show that every (1, -1, t )  triple is equivalent to a ( t ,  -t, 1) 
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triple, so, by N- applications, the automorphism corresponding to (77) is conjugate 
to that corresponding to 

U(t)  = diag{t,t,. . . , t ,  - t ,  - 1 , .  . . , - t , t , i t , .  . . , i t ) .  --- 
N+=N- N -  NI 

This is conjugate to that with 

U ( t )  = diag{l , l , .  . . ,l,-1, -1,. . . ,-l,l,+l,. . . , i l }  --- 
N+=N- N -  N ,  

which is one of the set considered in the previous case. Thus no new involutive 
automorphisms appear when N+ = N-. 

@) A'+ # N -  (and N ,  2 1). In this subcase every involutive automorphism is 
conjugate to that associated with 

where 

and all ' 

U(t )=d iag{ l , l ,  ..., 1,-1,-1, ..., - l , t , i  ,..., t} --- 
N+ N-  

~ terms involving the power ive the po. 

N ,  

efficient 

The proof of this assertion is as follows. There are two possibilities to be consid- 
ered: 
(1) N- > 0. Suppose first that N -  > N,. The argument as far as (77) is the same 
as before. Applying the result that every (1, -1, t )  triple is equivalent to a ( t ,  -t, t )  
triple N+ times, one finds that the automorphism corresponding to (77) is conjugate 
to that corresponding to 

U(t) = diag{t, . . . , t ,  - t , .  . . , - 1 ,  -1,. . . , -1, t ,+ t ,  . . . ,+t) ---- 
N+ Nt N - - N +  NI 

which is equivalent to 

U(t) = diag{t, . , , , t ,  - t , .  . . , - t ,  - t 2 , .  . , , - t 2 , t , h t , .  . . ,rtt} ---- 
N t  N+ N- -N+ N ,  

which in turn is equivalent to 

U(t)  = diag(1,. . . ,1, -1,. . . ,-1, - 1 , .  . . , - t , l , & l , .  . . , fl}' ---- 
N t  N t  N- -N+ N, 
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As U(t) and U(-1) give conjugate automorphisms, this is equivalent to 

U ( t )  = diagt l ,  . . . , I ,  - 1 , .  . . , - 1  , t , .  . . , t ,  &, 1 f 1  3 "  . . . , f l  (83) --- 
N t  N+ N - - N +  NI 

where a// the terms involving the power t have the positive coefficient 1. If 0 < 
N -  < N, a similar argument shows that the original U ( t )  is equivalent to 

U ( t )  = diagt l , . .  . , l , t , .  . . , i , - l , .  . . , -1,1,41,. . . ,fl) (W ---- 
N -  N+-N_ N-  Nt 

where again a// the terms involving the power t have the positive coefficient 1. Both 
(83) and (a) have the form 

U(t) = diag{l,. . . , I ,  -1 , .  . . ,-1,t,. . . , (85) -- 2 
N; NI N :  

for some values of N;, NL, and N;.  If N; < 1 - [fl] the only matter to be 
considered is the values of N; and N'. By repeating the argumenn used in the 
case when k, = 0 for evev 3 = 2 , 3 , .  . . , 1 ,  it follows that wely U(t) is equivalent 
to one with I f / ]  + 1 < N;, so the stated result is obtained. On the other hand if 
N; > 1 - [$ / I  a repeat of the argument leading to (83) shows that every U(t)  is 
equivalent to 

U ( t )  = diag{l,. . . , 1 ,  - 1 , .  . . , - l , t , .  . . , t )  --- 
N;' N: N:' 

with N: = N; - N i ,  so N: < 1 - [ill, and one is back with the previous situation. 
(2) N- = 0. In this case one can start with (85), which reduces to 

U ( t )  = diagt l ,  1 , .  . . , l , t ,+t , .  . . , f t ) .  
L ~ ~- L ~~ - -> 

N+ N! 

Application of the previous arguments show that this is equivalent first to 

U(t) = diag{t,t,. . . , t ,  t 2 , f t 2 , .  . . ,&I -- 
N+ NI 

and then to 

U(t)  = diag{t,t,. . . , t ,  1 fl . .. ,fl - d 
N+ Ni 

Clearly, if at least one term in (86) is -t, then at least one -1 term appears in (87), 
and one is hack to the previous case of N -  3 1. On the other hand , if all the 
powers of t in (86) have coefficient 1, either N, 2 N - ,  when the desired result is 
obtained immediately, or N+ < N-, when (87) has the same form, but with N ,  and 
N ,  interchanged, so one is back to the previous case. 
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It is quite easily shown using the conditions (L174), (1.176), (I.178) and (1,180) that 
no two involutive automorphisms corresponding to U = 1 and to different matrices 
U ( t )  that are given by (78) with the constraints (79), (SO), (81) and (82) all satisfied 
(and with Nt # N - )  are conjugate. 

The type 2a involutive automorphisms corresponding to U = 1 and the matrices 
U(t) of (78) can be divided into two sets. 

(i) Those for which N -  = 0. For these 

U ( t )  = diag{l,l, ..., l , t , t , .  .. , t }  -- 
N+ NI 

and 

N, = 1 + 1 - N,. 

Thus 

q .  = 1 3 

for j = 1,. . . , 1 +  1, and 

0 f o r j = l ,  ..., N, 
kj = [ 

1 for j = N, + 1 , .  . . , 1 +  1. 

(89) 

(90) 

The corresponding type 2a involutive automorphism is (by (1.69), (I.71), (I.73)) and 
(1.143)) 
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The number of conjugacy classes of this kind is + I  if I is even and i(1 + 1 )  if 1 is 
odd. 

(ii) Those for which N- 2 1. For these U ( 1 )  is given by (78)) with N,, N-, and 
N ,  satisfying (79), (80) and (81). Thus 

for j = 1 , .  . . ,Nt 

for j = N+ + N -  + 1 , .  . . , 1 +  1 
(94) for j = N+ + 1 , .  ..,A'+ + N- l)j = 

and 

0 
1 

for j = 1 ,  ... ,Nt + N- 
for j = N+ + N- + 1 , .  . . , 1 +  1 

k j  = [ (95) 

The number of conjugacy classes of this kind is :1(1-2) if I is even and $(1-1)(1+1)  
if1iSOdd. 
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63. Involutive nutomorphisms of A!') for 1 > 3 of iype 2a with U = 1 coresponding 
to set (E) 

It will now be shown that all the involutive automorphisms of Ai') for 1 3 of 'ype 
2a with U = 1 corresponding to set (B) are actually conjugate to those corresponding 
to the set (A) that were mnsidered in the previous subsection. ?b see this it will be 
sufficient to study an example that incorporates all the general features. Consider 
therefore the case I = 4 with mnjugacy class representative S'&. The most general 
5 x 5 matrix U ( t )  that satisfies (24) with both U ( t )  and U ( t ) - '  having entries that 
are Laurent polynomials in t may be taken to be given by (26), where, for j = 
1 , .  . . ,4,  qj  are arbitraly non-zero complex numbers and k j  are arbitraly integers. 
The involutive condition (1.142) for U = 1 again reduces to U ( t ) U ( t - ' )  = q t k l ,  
where is an arbitrary non-zero complex number and k is an arbitrary integer, which 
implies 

k ,  = I C ,  k ,  = 0 k,  = 0 

v 2  = ( l l J 1  q 3 = * l  q 4 = * 1 .  

Let S ( t )  be the 5 x 5 matrix 

1 1 1 1 0 0 0  
-(qJ' 1 0 0 0 

S ( t ) =  [ 0 1 0 
0 0 1 0  
0 0 0 1  

Then, for the matrix U ( t )  of (26) with parameters specified by (97) 

(97) 

tkl 0 0 0 0 
0 - f k l  0 0 0 

(99) [n ; i1 ;). s(t )u(t )s( t -1) -1 = 

which is a rearrangement of a special form of the general matrix U(t) considered in 
the previous subsection. As the matrix S ( t )  of the associated similarity transformation 
and its inverse both have entries that are all Laurent polynomials in 1 ,  it follows from 
(1.174) that every type 2a involutive automorphism (with U = 1) associated with 
the matrix U ( t )  of (26) with parameters specified by (97) is conjugate to a type 2a 
involutive automorphism (with U = 1) of the previous subsection. 

On repeating this analysis for any mnjugacy class representative of the set (B), 
one finds that each factor Szp that appears is associated with a 2 x 2 submatrix Of 

U ( t )  of the form 

whichappearsinthe ( j , j ) ,  ( j . j + l ) , ( j + l , j ) a n d  ( j+l , j+l)  positionsof U(t)  (as 
in (26)). Similarly, each factor S$ that is missing from the product S:! o S'& o . . . 
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is associated with a 2 x 2 diagonal submatrix of U ( t )  (in the ( j , j ) ,  ( j , j  + l), 
(j+ 1,j) and (j+ l , j +  1) positions) with diagonal entries fl. Moreover, with the 
assumptions made about the set (B), the ( 1  + 1 , 1  + 1) element of U ( t )  always has 
the d u e  1. Consequently the matrix obtained from a transformation similar to that 
of (99) is a rearrangement of a special form of the general matrix U ( t )  considered in 
the previous subsection. Consequently every type 2a involutive automorphisms (with 
U = 1) associated with a root transformation of the set (B) is conjugate to a type 2a 
iT;abG*de ae:Gmaipgs;, C*kh ~ 1) of pic@ioiis ribs&ofi, 

64.  Invohtive automorphisms of AI') for 1 2 3 of type 2a with U = 1 corresponding 
to set (C) 

M t h  the assumption that 1 is odd, the most general ( 1 +  1) x ( 1  + 1) matrix U ( t )  that 
corresponds to So o Sio 0.. . o Sio with both  U ( t )  and U ( t ) - '  having entries that 
are Laurent polynomials in t is given by (28). It is again convenient to re-order the 
rows and columns of U(t) so that U ( t )  is given by (29), which actually corresponds to 
the root transformation po o r&,,,,. It follows that the most general automorphism 
of type 2a with U = 1 associated with this root transformation may be taken to 
correspond to (30), where, for j = 2 , .  . . , 1  + 1, 9J are arbitrary non-zero complex 
numbers and k) are arbitraly integers. The involutive condition (1.142) for U = 1 
again reduces to U(t)U(t-') = qt", where q is an arbitrary non-zero complex 
number and k is an arbitrary integer, which implies that 

4 

q l t l  = 7)Zqf  = q3qf-1 = ' ' ' = ~ ( l + l ) / 2 ~ ( f + 3 ) / 2  (W 
and 

k l t l  = 0 ki = kz kf-I = k 3 , .  . 9 k(1+3)/z = k ( ~ + i ) / z .  (101) 

Then q2,  q3 ,  . . . , q(lt3)/, can be taken to be arbitrary non-zero complex numbers 
and k, ,  k 3 , .  . . , k ( l t l ) 1 2  can be taken to be arbitrary integers. 

It will now be shown that all the type 2a involutive automorphisms associated with 
these U ( t )  matrices (and U = 1) are conjugate to that associated with U = 1 and 
a U ( t )  that is a special case of those considered in subsection 6.2. TI demonstrate 
this it will be sufficient to apply the conjugacy condition (1.174) to the simplest case 
where 1 = 3. The first step is to take S ( t )  to be the 4 x 4 diagonal matrix whose 
diagonal entries are given by 

( q 2 ' / 3 ) ' / '  for j = 1 
S ( t ) j j  = (q3/q2) ' /Zt -k l  for j = 2 

{ 1  for j = 3,4 .  

Then 

S ( t ) U ( t ) S ( t - ' ) - '  = ( r 1 2 q 3 ) 1 / 2 K , .  

However, with S ( t )  defined by (36) 

S(t)K4S(t-')-' = ('2 ) 0 -1, 

whose right-hand side is of the form (18). 
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65. Summary of fhe involutive automorphisms of Ai') for 1 > 3 of type 2a 

The above considerations show that the number of conjugacy classes of involutive 
automorphisms of AI') for 1 > 3 of type 2a is b(1 + 2 ) ( 1  + 4) if 1 is even and is 
; ( 1 +  3 ) (1+  5 )  if 1 is odd. Their representatives may be taken to be 

(i) the automorphism (73) which corresponds to U(t) = 1,+1 and U = 1; 
(ii) the I - [ + I ]  automorphisms (76), which correspond to U = 1 and the matrices 

U ( t )  of (17); where ICj = 0 for every j = 2:3; .  . . $ 1  and the { q z i  q,; ~ I q;+;]  

(iu) the [ & ( 1  + l)] automorphisms (93), which correspond to U = 1 and the 
matrices U(t) of (a), where N+ and N, satisfy (89) and (90); 

(iii) the automorphism (93), which correspond to U = 1 and the matrices U(t) 
of (78)) with N,,  N -  and Ni satisfying (79), (N), (81) and (82) (the number of 
conjugacy classes of this kind being : 1 ( 1 -  2) if 1 is even and i(1- 1 ) ( 1 +  1) if 1 is 
odd). 

satisfy (74); 

7. Study of the involutive automorphisms of A? for 1 > 3 of type 2b 

7.1. Relevanf conjugacy classes for the involufive aufomorphisms of A!') for 1 > 3 of 
ype 2b wifh U = 1 

The relevant mnjugacy classes for the involutive automorphisms of type 2b with 
U = 1 are exactly the same as those for the involutive automorphisms of type 2b 
with U = 1 that were desc1ibed.h section 4.1. Consequently attention may again 
be concentrated on the involutive automorphism associated with products of the 
Weyl transformations and the Cartan involution r&,,,,, and it is again convenient to 
divide the conjugacy classes of root transformations into the three sets (D), (E) and 
(F) defined in section 4.1. 

The type 2b involutive automorphisms with U = 1 corresponding to these sets 
will now be considered in turn. 

Z2. Involufive aufomorphisms of Ai'' for 1 > 3 of type 2b wifh U = I corresponding 
10 sef (0) 

The set of conditions on the matrix is U(t) is again (53), which again immediately 
reduces to the set (16). Consequently the analysis given in the first part of section 
22 applies yet again, so the most general ( 1  + 1) x ( 1  + 1) matrix U(t) with both 
U(t) and U(t)-l having entries that are Laurent polynomials in t may be taken to 
be given by (17), where, for j = 2 , .  . . , 1  + 1, qj  are arbitraly non-zero complex 
numbers and kj are arbitrary integers. The involutive condition (1.144) for U = 1 
now reduces to U(t)U(t-')-l = q t k l ,  where q is an arbitrary non-zero complex 
number and k is an arbitrary integer, which imposes no further constraints on the qj  
(for j = 2 , .  . . , 1 +  1) but requires that I C j  = 0 for j = 2 , .  . . , 1  + 1. 

Define S ( t )  to !x the (! + 1) x (! + 1) dja_g~na! matrix whose diagonal entries 
are given by 

for j = 1 
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s(t)u(t)i(t-')  = I f + ,  

4009 

Then 

so the conjugacy condition (1,144) implies that every involutive automorphism of type 
2b corresponding to the root transformation (D) is conjugate to that generated by 
U ( t )  = 

This involutive automorphism of type 2b corresponding to U(t)  = I f + ,  and U = 1 
iS @y (1.70), (1.71), (1.73)) and (1.145)) the Cartan involution 

(and U = 1). 

$(he,) = -ha; (j = 0,. . . , l )  

$ ( c )  = - c  

$(e*,,) = e y e >  

$ ( d )  = -d  

(j = 0,. . . , l ) .  

7.3. Involutive automorphisms of A!') for 1 2 3 of lype 2b with U = I conesponding 
to set (E) 

It will now be shown that all the involutive automorphisms of Ai') for 1 2 3 of type 2b 
with U = 1 corresponding to the set (E) are actually conjugate to those corresponding 
to the set (D). 'lb demonstrate this it will again be sufficient to study an example 
that incorporates all the general features. Consider therefore the case 1 = 4 with 
conjugacy class representative Si!. The set of conditions (57) immediately reduces 
to the set (24). Consequently the analysis given in the first part of section 23 again 
applies, so the most general 5 x 5 matrix U ( t )  with both U(t) and U ( t ) - '  having 
entries that are Laurent polynomials in 1 may be taken to be given by (%), where, 
for j = 1,. . . ,4, qi are arbitrary non-zero complex numbers and kj are arbitraly 
integers. The involutive condition (1,144) for U = 1 now reduces to U ( t ) U ( t - ' ) - '  = 
qt'l, where is an arbitrary non-zero complex number and k is an arbitrary integer, 
which implies 

ql = q, k, =-k, k3 = 0 k3 = 0 (104) 

with q2, q3, q4. and k, experiencing no further restrictions. 
With S ( t )  defined by 

1 ( 2 q z ) - 1 h - k ~  0 0 0 

0 (73) - 1'2 0 0 
0 0 ( q 4 ) - 1 / 2  0 

-1 0 0 0 

0 0 0 1 

S ( t )  = 

it follows that with U ( t )  given by (26) (and subject to the constraints (104)) 

S ( t ) U ( t ) S (  t - ' )  = diag{ 1,  - 1 , 1 , 1 , 1 )  

Thus, by (L166), the type 2b involutive automorphism with U = 1 and with U(t) 
given by (26) (and subject to the constraints (104)) is conjugate to that corresponding 
to a matrix that is merely a special case that considered in the previous subsection. 
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On repeating this analysis for any conjugacy class representative of the set (E), 
one finds (after imposing the involutive condition) that each factor S$ that appears 
is associated with a 2 x 2 submatrix of U ( t )  of the form 

o q j t l t -k j+ l  

) ( qjtkj+,  0 

which appears in the ( j , j ) ,  ( j , j  + l), ( j  + 1,j) and ( j  + 1 , j  t 1) positions of 
U ( t ) .  Similarly, each factor So that is missing from the product SZ? o SZo o . . . 
is associated with a 2 x 2 diagonal submatrix of U ( t )  (in the ( j , j ) ,  ( j , j  + I), 
( j +  1,j) and ( j+ l , j +  1) positions) with diagonal entries qj  and qjtl. Moreover, 
with the assumptions made about the set (B), the ( 1  + 1,1 + 1) element of U ( t )  
always has the value 1. Then there always exists a matrix S ( t )  whose entries are 
Laurent polynomials in t such that S ( t ) U ( t ) S ( - t )  is merely a special case of that 
considered in the previous subsection, so no new classes of involutive automorphisms 
can appear. 

7.4. Involufive automorphisms of A!') for 1 2 3 of fype 26 wifh U = I corresponding 
IO set (F) 
The assumption will be made in this subsection that 1 is odd, and it will be convenient 
to take po as the class representative (in place of S'&oSooo.. . O S ~ ~ O T & ~ ~ ~ J .  Again 
the analysis given in the first part of section 2 4  again applies, so the most general 
( l + l ) x ( l + l )  matrix U ( 1 )  with both U ( t )  and U ( t ) - '  havingentries that are Laurent 
polynomials in 1 may be taken to be given by (30), where, for j = 2 , .  . . , 1  + 1, q, 
are arbitrary non-zero complex numbers and k j  are arbitrary integers. The involutive 
condition (1.144) for U = 1 now reduces to U ( t ) U ( t - ' ) - '  = qtkl,  where q is an 
arbitraly non-zero complex number and k is an arbitrary integer, which implies that 

V l + l  = (105) 

V I - j  = ')j+217l+l kl-j  = kl,, - kj+2 (106) 

and 

for j = O , l , .  . . , $ ( 1  - 3). Then q2,  q , , .  . . , q(r+l)12 can be taken to he arbitrary 
non-zero complex numbers and k, ,  k,, . . , , k( l t l )12  and k,,, can be taken to be 
arbitraly integers. 

Define S ( t )  to be the ( 1  + 1) x ( 1  + 1) diagonal matrix whose diagonal entries 
are given by 

q ( l t l ) 1 2 t k v + ~ ) / ~ + =  for j = 1 

( q ~ l t , ) l z / q j ) t k ~ l + l ' / l - k j + r  for j = 2 , .  . . , ( 1 -  1)/2. 
for j = ( 1  + 1)/2 
for j = ( 1  + 3 ) / 2 , .  . . , 1  1:. S ( t ) j j  = 

where IC is an integer. Then 
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where K(l+l)/2 is defined in (35). Thus, by the conjugacy condition (1.182), Wely 
type 2b involutive automorphism corresponding to set (F) is conjugate to one with 
U = 1 and either 

or 

where ql+l satisfies (105). However the type 2b involutive automorphisms with U = 1 
corresponding to 

and 

are conjugate (by (1.182) with s = -1 and S(2) = lltl). Moreover the type 2b 
involutive automorphism with U = 1 corresponding to U(t) = Kl+, is conjugate to 
the Cartan involution, for with S ( t )  defined by (64), then 

where the matrix on the right-hand side here is merely a rearrangement of a special 
case of (17), and hence, as shown in subsection 7.1, gives an automorphism that is 
conjugate to that corresponding to U( t )  = I,+,. 

Thus there are oniy WO new conjugay classes of type 2b involutive automorphisms 
with U = 1. Their representatives may be taken to be 

(1) the involutive automorphism corresponding to 

which (by (1.70), (L71), (1.73)) and (1.145)) is 
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(2) the involutive automorphism corresponding to 

which (by (I.70), (L71), (1.73)) and (1.145)) is 

I 

@(h,,) = -Ehoj 

@(he, )  = E hUj  + *hm,+,_ j  + c he; 

@(h,,) = 

( j  = 0 )  
j = 1  

I - j  I 

j=1 j=r+z-j 
(j = 1 , .  . . , i(1- 1 ) )  

( j  = ; c l +  1) )  

I-j 

@(h,,) = Eh., + f: h,, ( j  = + ( l +  31, .  . . 3 1 )  

j=1 j=ltZ-j 

@ ( c )  = -c 

@(e**,) = - e  F{*,+ ...+ U,) 

@(e*-,) = - e*{oot...tut-> tzu,+, -, tu,+. -,+...+ ol) 
@(e*o>) = -e*oz+l-, ( j  = 31 + 1)) 

+(e*=,) = -e* (o ~,+...+ a~_,+o,+.-,t...+o,) 

( j  = 0 )  

( j  = 1 , .  . . , $ ( l -  1) )  

( j  = + ( 1 + 3 ) > . . . > W  

A$ the matrix U ( t )  of (107) is antisymmetric, and as that of (109) is symmetric 
for t = 1 and antisymmetric for t = -1, and as K,,, is symmetric, the conjugacy 
conditions (1.182), (1.184), (1,186) and (1.188) all imply that the corresponding type 
2b involutive automorphisms cannot be conjugate. 

7.5. Summary of Ihe involulive automorphisms of A!’) for 1 > 3 of lype 26 

The above considerations show that the number of conjugacy classes of involutive 
automorphisms of A{’) for 12 3 of type 2b is 1 if 1 is even and is 3 if 1 is odd, and 
that their representatives may be taken to be 

(i) for 1 even or odd, the Cartan involution (103) which corresponds to U ( t )  = 
If,, and U = 1; 

(ii) for 1 odd, the automorphism (108). which corresponds to U = 1 and the 
matrix U ( t )  of (107); 

matrix U ( t )  of (109). 
(iii) for 1 odd, the automorphism (110), which corresponds to U = 1 and the 
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8. Conclusions regarding the matrix formulation of the involutive automorphisms of 
AI') for I 2 3 

The analysis that has been given in the previous sections shows that the number 
of conjugacy classes of involutive automorphisms of A{') for 1 2 3 of type 2b is 
:( l 2  + 101 + 48) if 1 is even and is Q( l 2  + 121 + 99) if 1 is odd. These are distributed 
in the following. 

(i) The number of conjugacy classes of ype l a  involutive automorphisms with 
U = 1 is : ( 1 +  2)  if 1 is even and is +( 1 + 5) if 1 is odd. Their representatives may 
be taken to be: (a) the identity automorphism; (3) the [ $ ( l  + l)] automorphisms 
(23), which correspond to the matrices U(t)  of (18), where the { q 2 ,  q3,. . . , qrtl]  
satisfy (22); (c) for 1 odd, the involutive automorphism (39), which corresponds to 
the matrix of (18). 

(ii) There is one conjugacy class of type l a  involutive automorphisms with U = -1. 
Its representative may be taken to be the automorphism (44), which corresponds to 
the matrix U(t) of (18), where the {q2 ,  q 3 , .  . . , qrtl]  satisfy (43). 

(iii) The number of conjugacy classes of type Ib involutive automorphisms with 
U = 1 is one if 1 is even and is three if 1 is odd. Their representatives may be taken 
to be: (a) for 1 even or odd, the involutive automorphism ( 5 9 ,  which corresponds 
to the matrix U ( t )  = I,+,; (b) for 1 odd, the involutive automorphism (56), which 
corresponds to the matrix U ( 1 )  of (54); (c) for 1 odd, the involutive automorphism 
(66), which corresponds to the matrix U(t) of (65). 

(iv) There is one conjugacy class of 'ype l b  involutive automorphisms with U = 
-1. Its representative may be taken to be. the involutive automorphism (67), which 
corresponds to the matrix U ( 1 )  = 

(v) n e  number of conjugacy ciasses of type 2a invoiutive automorphisms is i(i + 
2)( 1 + 4) if 1 is even and is A (  1 + 3)( 1 + 5) if 1 is odd. Their representatives may be 
taken to be: (a) the automorphism (73) which corresponds to U(t) = If+, and U = 1; 
(b) the 1 - [$] automorphisms (76), which correspond to U = 1 and the matrices 
U(t)  of (17), where kj = 0 for every j = 2 , 3 , .  . . , 1  and the { q 2 ,  q3,. . . ,qrt l }  
satisfy (74); (c) the [ f ( l  + l)] automorphisms (93), which correspond to U = 1 
and the matrices u( t j  of (88), where N+ ana N-, satisfy (89) and (SO); (a) the 
automorphisms (96), which correspond to U = 1 and the matrices U ( 1 )  of (78) with 
N+, N - ,  and N ,  satisfying (79). (80), (81) and (82), (the number of conjugacy classes 
of this kind being i i ( 1 - 2 )  if 1 is even and A([- 1)(1+ 1) if 1 is odd). 

(vi) The number of conjugacy classes of ype 26 involutive automorphisms is one 
if 1 is even and three if 1 is odd. Their representatives may be taken to be: (a) for 
i wen or odd, the Girtan invoiuiion (iO3) which wrresponds io U j i )  = if+, ana 
U = 1; (b) for 1 odd, the automorphism (108), which corresponds to U = 1 and the 
matrix U(t )  of (107); (c) for 1 odd, the automorphism (110), which corresponds to 
U = 1 and the matrix U(t)  of (109). 

These results may be compared with those obtained by Kobayashi [4] for the 
derived algebra of AI') for 1 2 3 by another method. (As mentioned previously, as 
Kobayashi considered on& the derived algebra of Ai'), his analysis did not include any 
discussion of the action of automorphisms on the scaling element d.) In Kobayashi's 
classification the order 2 automorphism conjugacy class representatives are called (a),  
(a ' ) ,  (b ' ) ,  (b") ,  (b"'), ( c ) ,  ( d ) ,  (d ' ) ,  (d" ) ,  (e), (e'), (e") and (f). The extensions 
of these to the whole of the Kac-Moody algebra AI') will be now related to the 
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conjugacy classes of AI’) listed at the beginning of this section. Unfortunately the 
information given by Kobayashi [4] is not sufficiently explicit to make an absolutely 
firm identification in every case, as the following list indicates: 

(a) The extensions 11, of Kobayashi’s involutive automorphisms (a) are the type 
la  automorphisms (23), which correspond to U = 1 and the matrices U(t)  of (18), 
where the { q 2 ,  q3,. . . , qtl) satisfy (22). 

(a‘) (for 1 odd)]. The extension ?La, of Kobayashi’s involutive automorphism (d) 
is probably conjugate to the type la involutive automorphism (39), which corresponds 
to U = 1 and the matrix of (18); 

( b )  The extensions 11* of Kobayashi’s involutive automorphisms ( b )  are the type 
2a involutive automorphisms corresponding to U = 1 and 

U(t) = diag{l,. . . ,1, -1,. . . , - t , - l , .  . . ,-1, t2  } 
---y 1 1 1  ~ N .  ~~ N N 1.. M .  - I  ,.+-. 

and so are conjugate to the type 2a involutive automorphisms which correspond to 
U = 1 and the matrices U(t) of (78) with N,, N - ,  and Nt satisfying (79), (go), (81) 
and (82). 

(b’) The extensions +b,  of Kobayashi’s involutive automorphisms (b’) are the type 
2a involutive automorphisms corresponding to U = 1 and 

U(t) = diagl l , .  . . , l , - t , .  . . , - t ,  t Z  ) --y 
N+-1 ftl-N+ 

and so are conjugate to the type 2a involutive automorphisms (93), which correspond 
to U = 1 and the matrices U(t)  of (a), where N+ and N ,  satisfy (89) and (90). 

(b”) The extensions &,, of Kobayashi’s involutive automorphisms (b”) are the 
type 2a involutive automorphisms corresponding to U = 1 and 

U(b) = diag{l,. . . , l , -1 , .  . . ,-1, t 2  } -/-y 
N+-1 (+I-N+ 

and so are conjugate to the type 2a involutive automorphisms (76), which correspond 
to U = 1 and the matrices U( t j  of (17), where k, = 0 for every j = 2 , 3 , .  . . , i  and 

(b” ’ )  The extension $b,, ,  of Kobayashi’s involutive automorphism (b”’) is the type 
the {%, q 3 , .  . . , ? I f c l }  satisfy (74). 

2a involutive automorphism corresponding to U = 1 and 

U( t )=diag{l ,  ..., 1 ,  t2  } --y f 

and so is conjugate to the type 2a involutive automorphism (73), which corresponds 
to U(t) = I f + ,  and U = 1. 

( c )  The extension $, of Kobayashi’s involutive automorphism (c) is the type la 
automorphism (44), which corresponds to U = -1 and the matrix U(t) of (18), where 

(d)  The extension $d of Kobayashi’s involutive automorphism ( d )  is the type Ib 
the {I]*, q 3 , .  . . ,qIt1) satisfy (43); 

involutive automorphism corresponding to U = 1 and 

U( t )=d iag{ l ,  ..., 1, t2 } -- 
1 f 
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and so is conjugate to the type lb  involutive automorphism (55). which corresponds 
to U = 1 and the matrix U ( t )  = l,,,. 

(d ’ )  The extension Gd, of Kobayashi’s involutive automorphism (d ’ )  is the type 
lb involutive automorphism corresponding to U = 1 and 

U(t) = diag{l,.. . ,1, -t , t 
1-1 1 1  

-v 3 
and so is conjugate to the type lb involutive automorphism (56), which corresponds 
to U = 1 and the matrix U ( t )  of (54). 

(d” )  (for 1 odd). The extension Gd,, of Kobayashi’s involutive automorphism ( d ” )  
iF probably conjugate to the type lb  involutive automorphism (M), which corresponds 
to U = 1 and the matrix of (65). 

(e) The extension +e of Kobayashi’s involutive automorphism (e)  is the Cartan 
involution (103), which is a type 2b automorphism that corresponds to U ( t )  = l,,, 
and U = 1; 

(e) and (e’) (for 1 odd). The expressions quoted by Kobayashi [4] are not 
sufficently explicit to allow the general form of the automorphisms to be deduced 
but their extensions are probably conjugate to the type 2b involutive automorphisms 
(108) or ( l l O ) ,  which correspond to U = 1 and the matrices of (107) and (109). 

( f )  The extension +, of Kobayashi’s involutive automorphism ( f )  is the type lb  
automorphism (67), which corresponds to U = -1 and to the matrix U(t) = lltl. 

As shown in section 4.2, the two involutive automorphisms ( d )  and (d ’ )  of 
Kobayashi lie in the same conjugacy class if 1 is even, but lie in diferent conjugacy 
classes if I is odd. This conclusion differs from that of Kobayashi [4], who implies 
that ( d )  and (d ’ )  always lie in different conjugacy classes. (This matter was analysed 
in detail for the case 1 = 2 in section 8 of paper 111.) 

The involutive automorphisms of A!’)  have also been considered previously hy 
Levstein [5 ] ,  but unfortunately his tables are insufficiently explicit to allow a detailed 
mmparison to be made with the results obtained here. 
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